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4 ��������� �"!��#�#�#$#%#&#'#�#�
4.1 (*)*+*,*-.*/1032*465*7*8*9*:<;*=<><?@*A*B*C*46=*>*5*7*8<9*:<;<D*E<F<9*G<?.*/*A*H*4

3
A*H

( ? (*)*+*,*-*I*J*K<L*M<N<O*P
(*)*+*,*- 4

F (x, y, y′) = 0. (4.1)

M*N*O*P 4
1. QSRSTSUSV*W ?YX (4.1) ZS[ (x, y, y′) \^] ;S_S`1a3b<ced*f1agb*h T*UV*W 4

x = ϕ(s, t), y = ψ(s, t), y′ = κ(s, t), (4.2)i1j
s k t l*T*U ?
2. m*n*o*p*q dy = y′dx. r

dx = ϕsds+ ϕtdt,

dy = ψsds+ ψtdt,

y′ = κ(s, t)s*t
dy = y′dx, u*v 9*:*4

(ψs − κϕs)ds+ (ψt − κϕt)dt = 0. (4.3)

3.
=*>*9*:

(4.3).
d*i*w*>*x

s = ω(t, c) y t = ω(s, c).
s*t

(4.2)
;*z*{

q*|*u*v (4.1)
; T*U*}*q ;*w*>

x = ϕ(ω(t, c), t), y = ψ(ω(t, c), t),

y
x = ϕ(s, ω(s, c)), y = ψ(s, ω(s, c)).

~ ?6�*�*�*�*�*� ,*-<I*M<N
I. �*� 9*: (4.1) �*�*� y′

>1�34
y′ = κ(x, y),
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�*H*� T*U*V*W (4.2)
j �*� ϕ(s, t) = s, ψ(s, t) = t.

�*�*9*:*;*>*G*�<z<{<�j3�*�1�3�*�*�* *?
II. �*� 9*: (4.1) �*�*� y

>1�34
y = ψ(x, y′),�*H*� T*U*V*W (4.2)

j �*� ϕ(s, t) = s, κ(s, t) = t.
�*�*9*:*;*=*><¡<¢ �<�£*¤ �*¥ 4¦

y′ = p( §3¨*©*n*T*U p ª*«*n t), u*v
y = ψ(x, p). (4.4){*¬*­

x
=*®*¯ � p

s*°
y′, u
p = ψx(x, p) + ψp(x, p)

dp

dx
,

±*² >*f*9*:<?´³<µ<= u �<5<9<:¶;<w<> p = ω(x, c),
s*t

(4.4) |*�*u*v*· 9:*;*w*>*4
y = ψ(x, ω(x, c));³ u*v ; l 8 q w*> Φ(x, p, c) = 0, ¸1¹ f �*u*v*· 9*:*; T<U<}*q w<>*4

Φ(x, p, c) = 0, y = ψ(x, p).

III. �*� 9*: (4.1) �*�*� x
>1�34
x = ϕ(y, y′),�*H*� T*U*V*W (4.2)

j �*� ψ(s, t) = s, κ(s, t) = t.
�*�*9*:*;*=*><¡<¢ �<�£*¤ �*¥ 4¦

y′ = p, u*v
x = ϕ(y, p). (4.5){*¬*­

y
=*®*c6¯ � 1

p

°*s
dx

dy
, u

1

p
= ϕy(y, p) + ϕp(y, p)

dp

dy
,

º >*f*9*:*?6³ u*v w<> p = ω(y, c),
s*t

(4.5) |*u*v*· 9*:*;*8 q w*>
x = ϕ(y, ω(y, c));³ u*v ; l 8 q w*> Φ(y, p, c) = 0, ¸1¹ f �*u*v*· 9*:*; T<U*}<q w*><4

x = ϕ(y, p), Φ(y, p, c) = 0.
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IV. �*� 9*: (4.1)

j «*»*¼ y:

F (x, y′) = 0,

�*H*� T*U*V*W (4.2)
j �*� x = ϕ(s), y = t, y′ = κ(s).

9*:*;*=*>*¡<¢ �<�£*¤ �*¥ 4
r f T*U*V*W s*t dy = y′dx

j3c u*v
dy = κ(s)ϕ′(s)ds.

¹ f*½
y =

∫

κ(s)ϕ′(s)ds+ c,

¾ · 9*:*; T*U*}*q w*><x<4
x = ϕ(s), y =

∫

κ(s)ϕ′(s)ds+ c.

V. �*� 9*: (4.1)
j «*»*¼ x:

F (y, y′) = 0,

�*H*� T*U*V<W (4.2)
j �*� x = s, y = ψ(t), y′ = κ(t).

9*:*;*=*>*¡<¢ �<�£*¤ �*¥ 4
r f T*U*V*W s*t dy = y′dx

j3c u*v
ψ′(t)dt = κ(t)dx.

¹ f*½
x =

∫

ψ′(t)

κ(t)
dt + c,

¾ · 9*:*; T*U*}*q w*><x<4
x =

∫

ψ′(t)

κ(t)
dt + c, y = ψ(t).

¿ ?6À*Á
À

4.1
>*9*:

y′ = e
xy

′

y . (4.6)
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N f*9*:*³ � y
>1�34

y = xy′(lny′)−1,

¸*Â ;*=*> �*�*�*¥*Ã*Ä ?¦
y′ = p, u

y = xp(lnp)−1. (4.7){*Å*­
x
=*®*c6¯ � p

s*°
y′, u*v

p = p(lnp)−1 + x(lnp)−1
dp

dx
− x(lnp)−2

dp

dx
.

Æ*Ç u
(1 − lnp)(x

dp

dx
− plnp) = 0.È

1 − lnp = 0 u p = e,
s*t

(4.7) u*v*· 9*:*;*5*`*É*><4
y = ex.È

x dp

dx
− plnp = 0

> u p = ecx,
s*t

(4.7) |*u*v*· 9*:*;*w*>*4
y =

1

c
ecx.

9*:
(4.6)
³ � x

>1�34
x = (y′)−1ylny′,

¸*Â ;*=*> �*� �*Ê Ã*Ä 4¦
y′ = p, u

x = yp−1lnp. (4.8){*Å*­
y
=*®*c6¯ � 1

p

s*°
dx

dy
, u

p−1 = p−1lnp+ (yp−2
− yp−2lnp)

dp

dy
.

Æ*Ç u
(1 − lnp)(y

dp

dy
− p) = 0.È

1 − lnp = 0 u p = e,
s*t

(4.8) u*v*· 9*:*;*5*`*É*><4
x = e−1y.È

y dp

dy
− p = 0 u p = cy,

s*t
(4.8) u*v*· 9*:*;*w*>*4
x =

1

c
ln(cy).

�
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4.2
>*9*:

x3 + y′3 − xy′ = 0.

N d*Ë y′ = tx,
�*H*h

x3 + t3x3
− tx2 = 0.

¹ f u*v
x =

t

1 + t3
.

¾ · 9*:*h T*U*V*W 4
x =

t

1 + t3
, y′ =

t2

1 + t3
.

s*t
dy = y′dx, u*v

dy =
t2

1 + t3
·

1 + t3 − 3t3

(1 + t3)2
dt =

t2(1 − 2t3)

(1 + t3)3
dt,

y =

∫

t2(1 − 2t3)

(1 + t3)3
dt + c =

1 + 4t3

6(1 + t3)2
+ c.

¾ · 9*: T*U*}*q ;*w*><x<4
x =

t

1 + t3
, y =

1 + 4t3

6(1 + t3)2
+ c.

�À
4.3
>*9*:

y2(y′ − 1) = (2 − y′)2.

N d*Ë 2 − y′ = yt.
�*H*h

y2(y′ − 1) = y2t2.

¹ f �*�*u*v 9*:*; T*U<V<W 4
y′ = 1 + t2, y =

1

t
− t.

s*t
dy = y′dx, u*v

(

−

1

t2
− 1

)

dt = (1 + t2)dx,

dx =
1

1 + t2

(

−

1

t2
− 1

)

dt = −

1

t2
dt.
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¾ · 9*:*; T*U*}*q w*><x
x =

1

t
+ c, y =

1

t
− t.

y*Ì*Í t,
w*> �*�*Î x

y = x− c−
1

x− c
.

�

Ï ?¶Ð3Á
> ¥*Ñ 9*:*4
(1) y = (y′ − 1)ey′

;

(2) y′(x+ y + lny′) = 1.Ò ?6Ó*Ô
Õ

35 Ö 46Õ 1 × (1), (10);
Õ

3 × ?
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