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,�D�.E:�1�"�#�F�G�( )�* +�, - H�I J '�=
7.1 KMLMNMOMPQSRUT '$%$C$V D�H�.0W�X RZY�[�\�]�^�_�` '�a�b ' Y�c .0d�,�-�e�f�g
h$i 7$< \$j #$7$<�'�k$l�=nm$o�p�B�q�r$s�t�u�v$w�x�y�z$6�{ Y�c i�|$}�~
� '��Z'�=E/�1�����W X ~ G�r s ��� } p�% ��� � J�=
��������m�o�'�,�-

dnx

dtn
+ a1(t)

dn−1x

dtn−1
+ · · · + an(t)x = f(t). (7.1)

w���,�-�'�� `
n = 1, ��� W�< h�i�� ��� 3 6 7 � =�% & � t�.E,�- ' � ���.E7�<���� � 3�= R�T � V }�� W X a�b ' Y�c .���w W X�k w

x = ϕ(t)y (7.2)

' Y�c .Ed�,�-�'���  ¡�. ~ ¢
ϕ(t)

H�£�¤�' _�` =Ed
(7.2) ¥�¦ (7.1),

� }
ϕ(t)

dny

dtn
+ b1(t)

dn−1y

dtn−1
+ · · ·+ bn−1(t)

dy

dt
+ bn(t)y = f(t), (7.3)

�9§
bn(t) =

dnϕ(t)

dtn
+ a1(t)

dn−1ϕ(t)

dtn−1
+ · · ·+ an(t)ϕ(t).

��w
ϕ(t)

H
(7.1)

"�¨�'�©�ª�,�- '�< . � bn(t) ≡ 0. «�¬�­�® ϕ(t) 6= 0
'�¯

x9°�±;²�.
(7.3)

��e�³���´�#
z = dy

dt

'
n − 1

��'�µ�¶�k�,�-
dn−1z

dtn−1
+ c1(t)

dn−2z

dtn−2
+ · · ·+ cn−1(t)z = g(t), (7.4)

�9§
c1(t) =

b1(t)

ϕ(t)
, · · · , cn−1(t) =

bn−1(t)

ϕ(t)
, g(t) =

f(t)

ϕ(t)
.

· ²¹¸¹º¹.»�$w½¼¿¾$7��
(7.1)

"¹¨¹'¹©¹ª¹,$-$'�%$q$À$Á$Â$<$. � W$X Y$c (7.2)h d�<
(7.1)

'9Ã;Ä�Å�Æ�g�<�¡�%�� ' ,�-
(7.4).

~ C�,�D���Ç�gÉÈ�Ê ! .i�Ë ��(�)�,�-
d2x

dt2
+ a(t)

dx

dt
+ b(t)x = f(t) (7.5)
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ϕ(t), � ¾�X Y�c (7.2) Ì .E�}
ϕ(t)

d2y

dt2
+ (2ϕ′(t) + a(t)ϕ(t))

dy

dt
= f(t), (7.6)

Í
( ­�® ϕ(t) 6= 0

'�¯�x9°�±;²
)

dz

dt
+

(2ϕ′(t) + a(t)ϕ(t))z

ϕ(t)
=

f(t)

ϕ(t)
.

~ H�%�q�%���(�)�,�-�.�Î j 7Ï8�:�' W <�g
z =

e−
∫

a(t)dt

ϕ2(t)

(

c1 +

∫

f(t)ϕ(t)e
∫

a(t)dtdt

)

.

Ð�Ñ +�%�ª���� }�Ò ,�- ' W�< =
Ó

7.1
<�,�-

t(t − 1)
d2x

dt2
− 2t

dx

dt
+ 2x = 0.

� %�Ô���Õ98;.E:�I�Ö�<
x = t.

#�H�{ Y�c
x = ty ¬ d�,�-�e�³

d2y

dt2
−

(

2

t − 1
−

2

t

)

dy

dt
= 0.

<����
dy

dt
= c1

(

1 −
1

t

)2

, y = c1

(

t − 2 ln |t| −
1

t

)

+ c2.
�i ²$¸$º$ $�$D�H�×�Ø

ϕ(t)
g Ò ,$-$'$©$ª�,�-�'�<�. ® ��¾ Y�c (7.2) Ì'$,$- §¿Ù ' ]�^ _�`�Ú y(t)

'$Û `
bn(t)

g$Ü$. ~ � � | } ��  ��'���'�=M/
1�Ý h�i ×�Ø

ϕ(t), ® ��¾ Y�c (7.2) Ì '�,�- §;� : F Ú ' Û ` g Ü . i Þ d,$-$e$f$g$ß$#�7�< '�k�l�=0b Ò ,�-�'�©�ª ,�-�'�À�Á�Â�Ö�<�à j 7���á�. ~
C , D h i % â = i�Ë � ,�-

(7.5)
g r .E� w

ϕ(t)
à H : " ¨ ' © ª�,�-�'

<�. � ¾ Y�c (7.2) Ì '�,�-
ϕ(t)

d2y

dt2
+ (2ϕ′(t) + a(t)ϕ(t))

dy

dt
+ (ϕ′′(t) + a(t)ϕ′(t) + b(t)ϕ(t)) y = f(t)

§ y
'�Û ` ��à�H�Ü�= ~ á /�1 h ×�Ø

ϕ(t), ® � dy

dt

'�Û ` g�Ü �
2ϕ′(t) + a(t)ϕ(t) = 0.r�w�Ø

ϕ(t) = e−
1

2

∫

a(t)dt,
~ � ¸���,�-�� Y ³

d2y

dt2
+

(

b(t) −
a2(t) + 2a′(t)

4

)

y = f(t)e
1

2

∫

a(t)dt. (7.7)
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7.2
<�,�-

d2x

dt2
+ sin t

dx

dt
+

1

4
(sin2 t + 2 cos t + 4)x = 0.

� à�Î j�ã } :�'�À Á Â�< .�ä � D å   � D�=�â × Ø
ϕ(t) = e−

1

2

∫

a(t)dt

= e−
1

2

∫

sin tdt = e
1

2
cos t, � ,�-�f�e�³ (7.7)

'�k�æ�. ¬��9§ ' b(t) − a2(t)+2a′(t)
4 çè�H�é `

1, ¬ é�Û ` (�)�,�-
d2y

dt2
+ y = 0

'�W�<�2�Î j 798
( ê�ë ��ì ). �m�o Ð�í�î %�C�(�)�, -

tn
dnx

dtn
+ a1t

n−1 dn−1x

dtn−1
+ · · · + an−1t

dx

dt
+ anx = 0,

�½§ a1, · · · , an ï H$é ` = ~ C$,�-�'�Ö�ð�H ë n−k
Ú

an−kt
k dkx

dtk
(k = 0, 1, · · · ,

n)
'$Û ` I½ñ¿s

tk.
~ � '$,$-$Ç$góò$ô �$� (Euler, 1707-1783). õ$ö D = d

dt
,

� ,�- h�÷ ³
tnDnx + a1t

n−1Dn−1x + · · · + an−1tDx + anx = 0. (7.8)

~ � '�,�-�ø�ù�7�<�H 2 � 3�' . h ú ' H�.�¾ X RZY [ ' Y c

t =







es, t > 0,

−es, t < 0
(7.9)

h�i e�³�é�Û ` ( ) , - =�û ü ² . õ ö D0 = d
ds

, � å `�ý Å�þ�D Î j ÿ�� �"�¯�x RZT�`
m,
I
tmDmx = D0(D0 − 1) · · · (D0 − m + 1)x. (7.10)

/$1$d ­$ë ��ì�������� é�Û ` (�) ,�- '�< D�= Y c (7.9)
RUT H	�$1�¾�X�


�$V½8¿t$'$=
��V ã RZY�[ ' %�q Y c
t = t(s),

d
(7.8)

e$³$é$Û ` (�)�, -�.
�������

tDx = αD0x(α 6= 0
g�é `

), � tDx = t(s)
t′(s)

D0x,
h ê ¨�Ø t(s), ® �

t(s)
t′(s)

= α,
Í

t′(s) − t(s)
α

= 0, ¬�Ì %�,�-�'�<�g t = ce
s

α .Ó
7.3
<�,�-

(t2D2 − 4tD + 6)x = t + t2 ln t, t > 0.
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� � #�/�1���#�7 t > 0

á�,�-�'�<�.�ñ���.E{ RZY [ ' Y c
t = es.

#�H���å���l
(7.10)

� }
(D0(D0 − 1) − 4D0 + 6)x = t + t2 ln t,

Í
(D2

0 − 5D0 + 6)x = t + t2 ln t.:�'�W�<�2�Î j 7��
( ê�ë ��ì ). �

� �

1.
ÿ�� � õ ,�-

y′′ + Q(t)y = 0,

�9§ Q(t) ≡ b(t) − a2(t)+2a′(t)
4

'�¸�I�<�#
t
'�µ�����I�� .����

t → +∞
á�.

∫ t

0
a(s)ds → +∞, � ,�-

x′′ + a(t)x′ + b(t)x = 0

'�¸�I�<�b
t → +∞

á ï� #�Ü�=
2.
7�m�!�,�-�'�W�< �

(1) t2x′′ + t(t − 2)x′ − (t − 2)x = t3;

(2) t(t + 1)x′′ + (t + 2)x′ − x = 0;

(3) x′′ − 8tx′ + 16t2x = 0;

(4) tx′′ + 2x′ − tx = 0.

7.2 "$#$%$&$'
(�) ` <�D�a�å�#�*�+ '�%�,�, - =Em o i�Ë � (�) , -

d2x

dt2
+ a(t)

dx

dt
+ b(t)x = 0 (7.11)

g�r�t�@�A ~ C , D =�� �
a(t) - b(t) ï ­ t = t0 .�/ H ��0�� ,

Í ­ t = t0

.�/ h�1 ³ t − t0
'�(�) ` �

a(t) =
∞
∑

k=0

ak(t − t0)
k, b(t) =

∞
∑

k=0

bk(t − t0)
k. (7.12)
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h�i ÿ�� � "�¯�2�'

x0, x
′

0,
,�-

(7.11) ï ­ t = t0 .�/ I�3�4�5�6�7�8
x(t0) = x0,

dx(t0)

dt
= x′

0 (7.13)

'$<	9$<$. Í	: ­ _�` x = x(t),
:	3	4	5	6�7�8

(7.13),
�	� ­ t = t0 .	/ h	1³�(�) `

x(t) =
∞
∑

k=0

ck(t − t0)
k. (7.14)

ÿ�� ' , D H � ��V�5;6 ÃEÄ
(7.11), (7.13)

' <
x(t) ­ t = t0 .�/ h�1³

(7.14).
d

a(t), b(t) - x(t)
' 1 l ¥�¦ (7.11) <�= .Ek�l�6�> Ú Ø *;? .�¾@	A .�ß$� } %�q�(�) ` = T Ì�B :�C�% Ú '�Û ` ï�D #�Ü�. ß�� } %�Û�!�E�ÛF

ck, k = 0, 1, · · · - ak, bk, k = 0, 1, · · ·
' ¥ ` ´�Û�l�=G� å ~ G ´ Û�l - 5�67�8

(7.13),
/ 1 h�H ª d

ck, k = 0, 1, · · ·
W X

x0, x
′

0 - ak, bk, k = 0, 1, · · · Ii�J ¤ = J ¤ � Û `
ck, k = 0, 1, · · · ,

Ý � J ¤ ��(�) `
(7.14).

h i ÿ�� �E~
� J ¤98;'�(�) `

(7.14) ­ t = t0 .�/ H���K ' = ~ %�ð % ¾ ÿ�� .�/ 1�� hi�L ¤ � � ~ %�(�) ` (7.14) M 8;'�<�9 _�` x = x(t) ­ t = t0 .�/ ��%�¤�H5�69Ã;Ä
(7.11), (7.13)

'�<�= ~ H9ñEg .�(;) ` ­ � ��K�NPO h�i > Ú Ø *;?¯�2�Q�ª�.GR�S Û `
ck, k = 0, 1, · · ·

' J ¤�,�l�� ^�T .�d
x = x(t)

' M | l
( UWV a(t), b(t)

' M | l (7.12) ¥$¦ (7.11) <	=$Ì	X	Y D #�Ü�=[Z #�3�4�5�6�78
(7.13),

R	S$Û `
c0, c1

'$Ø$D$Ý$H ��\ '�= ­ ~�¢ . /�1�à�]�^���% &�'�,�-
(7.11)

t ÿ���_ ² º�, l J ¤ ';(�) `
(7.14) ­ t = t0 .�/ '���K ) . ñEg ­>�` ë�a ì §4 § .E/�1�d�"�b�%�& '�, -��Ï8 ~ %�� L ' ÿ�� =Ó

7.4 ­ t = 0 .�/ 7�<dc�e�f (Legendre, 1752-1833) ���
(1 − t2)

d2x

dt2
− 2t

dx

dt
+ α(α + 1)x = 0, (7.15)

�9§ α
H�é ` =

� \�T ­ t = 0 .�/ .E,�-�'�Û ` ï H <�9�' =Ed
x = c0 + c1t + c2t

2 + · · ·+ ckt
k + · · · =

∞
∑

k=0

ckt
k

¥�¦ (7.15),
�

(1 − t2)(2 · 1c2 + 3 · 2c3t + 4 · 3c4t
2 + · · · + k(k − 1)ckt

k−2 + · · · )

−2t(1 · c1 + 2 · c2t + · · ·+ kckt
k−1 + · · · )

+α(α + 1)(c0 + c1t + · · ·+ ckt
k + · · · ) ≡ 0.
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2 · 1c2 + α(α + 1)c0 = 0,

3 · 2c3 − 2 · 1c1 + α(α + 1)c1 = 0,

(k + 2)(k + 1)ck+2 − k(k − 1)ck − 2kck + α(α + 1)ck = 0, k ≥ 2.

� ���
c2 =

−α(α + 1)

2 · 1
c0,

c3 =
(1 − α)(α + 2)

3 · 2
c1,

ck+2 =
(k − α)(α + k + 1)

(k + 2)(k + 1)
ck, k ≥ 2.

#�H�b
m = 1, 2, · · ·

á
c2 =

−α(α + 1)

2!
c0,

c4 =
(2 − α)(−α)(α + 1)(α + 3)

4!
c0,

c2m =
(2m − 2 − α) · · · (−α)(α + 1) · · · (α + 2m − 1)

(2m)!
c0,

c3 =
(1 − α)(α + 2)

3!
c1,

c5 =
(3 − α)(1 − α)(α + 2)(α + 4)

5!
c1,

c2m+1 =
(2m − 1 − α) · · · (1 − α)(α + 2) · · · (α + 2m)

(2m + 1)!
c1.

Ø
c0 = 1, c1 = 0 - c0 = 0, c1 = 1,

+�l�� }
x1(t) = 1 +

∞
∑

m=1

(2m−2−α)(2m−4−α)···(−α)(α+1)(α+3)···(α+2m−1)
(2m)!

t2m,

x2(t) = t +
∞
∑

m=1

(2m−1−α)(2m−3−α)···(1−α)(α+2)(α+4)···(α+2m)
(2m+1)!

t2m+1.
(7.16)

��å |�m�n�o
(D’ Alembert, 1717-1783) p l�D�Î j�ÿ�� . ~�q q�(�) ` ' ��K��r�g

1.
ñ���. � : 1 ¤�s�' q q _ ` ­ |t| < 1

² ï H�,�- (7.15)
'�<�= «

c0, c1

'�Ø�D ^ .
x1(0) = 1, x′

1(0) = 0, x2(0) = 0, x′

2(0) = 1,
¸ i

x1(t) t x2(t)(�) � ´�.�ñ ¬ ,�- (7.15)
'�W�<�g
x = c1x1(t) + c2x2(t).

6
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h i ÕÏ8 � b
α
H R�T ` á .

x1(t) - x2(t) § I % q H�Q Úl�.E:���H�I�u�'vc�e�f�w�x�y
. ���w

a(t), b(t) ­ t = t0
'�z�N�O;à�H�<�9�'�. ��w

a(t) =
p(t)

t − t0
, b(t) =

q(t)

(t − t0)2
,

�9§ p(t), q(t) ï H t = t0
'�F�z�N�O;'�<�9 _ ` . � / 1 h â 7 ,�- (7.11)

'
w�m�k�æ�'�) ` <

x = (t − t0)
α

∞
∑

k=0

ck(t − t0)
k,

�9§ α - ck, k = 0, 1, · · · ï H�£�¤�é ` . c0 6= 0.m�o�Õ�%�q�{���'�Ö�r =
Ó

7.5 ­ t = 0 .�/ <}|�~�� (Bessel, 1784-1846) ���
t2x′′ + tx′ + (t2 − n2)x = 0, (7.17)

�9§ n
g�À���ü ` =

� j

x = c0t
α + c1t

α+1 + · · ·+ ckt
α+k + · · · , c0 6= 0. (7.18)

g�: ¥�¦ ,�- (7.17)
�

t2(α(α − 1)c0t
α−2 + (α + 1)αc1t

α−1

+ · · ·+ (α + k)(α + k − 1)ckt
α+k−2 + · · · )

+t(αc0t
α−1 + (α + 1)c1t

α + · · ·+ (α + k)ckt
α+k−1 + · · · )

+(t2 − n2)(c0t
α + c1t

α+1 + · · ·+ ckt
α+k + · · · ) ≡ 0.

h � V ( Ú .G��j�k Ú Û ` g�Ü .�� �98
α(α − 1)c0 + αc0 − n2c0 = 0,

(α + 1)αc1 + (α + 1)c1 − n2c1 = 0,

(α + k)(α + k − 1)ck + (α + k)ck − n2ck + ck−2 = 0, k ≥ 2.ñ¿g
c0 6= 0, �¿ë %$q$,$- (

Ç$g	�	�$,$-
)
h 7½8

α
' q q	6 �

α = n, α = −n.� í�î
α = n

'���k�= ~ á�I
c1 = 0, ck =

−1

k(2n + k)
ck−2, k ≥ 2.

7
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#�H�b

m = 1, 2, · · ·
á�.

c2m−1 = 0,
�

c2 =
−1

4(n + 1)
c0,

c4 =
1

42(n + 1)(n + 2) · 2!
c0,

c2m =
(−1)m

4m(n + 1)(n + 2) · · · (n + m) · m!
c0.

¥�¦ (7.18)
� }

x1(t) = c0

(

tn +
∞
∑

m=1

(−1)mt2m+n

4m(n + 1)(n + 2) · · · (n + m) · m!

)

.

��å |�m�n�o p l�D�Î j�� ÿ .�: ­ @ q t
��²�I�¤�s�=G��å

Γ
_�` '�)��

Γ (n + m + 1) = (n + m) · · · (n + 2)(n + 1)Γ (n + 1),

Γ (m + 1) = m!,

��Ø�é `
c0 = 1

2nΓ (n+1)
, � %�� h � }

x1(t) =

∞
∑

m=0

(−1)m

Γ (n + m + 1)Γ (m + 1)

(

t

2

)2m+n

,

:�Ç�g
n
Ê�|�~������

."�#
α = −n

'���k�.Ew��
2n
à D #�¯�x @ ` . \ 2n D #�F�q�� ` .�/1 h�i ,���6�7�� t x1(t)

(�) � ´�'���%�< �

x2(t) =
∞
∑

m=0

(−1)m

Γ (−n + m + 1)Γ (m + 1)

(

t

2

)2m−n

,

Ç�g
−n
Ê�|�~������

.
b

2n D #�F�q�À�Ü�� ` á .�à h � « ² º������ l �8 t α = −n
"$¨$'	) ` <�= ñ�� ­ ~ C�� k�. i�� ­ n = 0

'	�$k$.$�	����V
��D�=Er�w�¨�å���º�  ��D h �Ï8�,�-

(7.17)
'�W�< �

x = x1(t)

(

c1

∫

1

tx2
1(t)

dt + c2

)

.
�

� �

1.
7�m�!�,�- ­ t = 0 .�/ 1�� ' q q�(�) � ´ '�) ` < �

8
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(1) x′′ − tx′ − x = 0;

(2) x′′ − t2x = 0;

(3) 4tx′′ + 2x′ − x = 0;

(4) tx′′ + 4x′ − tx = 0.
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