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$�%�&�'�(�)+*�,�-�."/�0"1"2
a1, a2, · · · , an 3�4�5�6�7�8�9

dnx

dtn
+ a1

dn−1x

dtn−1
+ · · ·+ an−1

dx

dt
+ anx = 0.

:�;�<�=�> d

dt

?�@
D, A�B D2 = DD, · · · , Dn = D(Dn−1), C�D�E 8�9�F�G�H@

Dnx + a1D
n−1x + · · ·+ an−1Dx + anx = 0.I ?

P (D) = Dn + a1D
n−1 + · · ·+ an−1D + an, C 8�9�F�J ?�K

P (D)x = 0. (1.1)

LNMNONPRQTS 3 n U 6N7NVNWN3NX ) C�Y�Z F�[N\ S 3�]�X�^`_�a�b�c PdQe�fhgji�k�ldQnm &�o�p�q") Z�r"s�t 2"u�2"q�v+w"x (1.1) y�t 2�z�{ 3�X v
x = eλt, (1.2)

|d}
λ a r�s 0�2 ^+~ S��"� (1.1), ��������� { deλt

dt
= λeλt, � [�\

P (λ)eλt ≡ 0.

%��d�nv
(1.2) a (1.1) 3�X )+������� λ ���

P (λ) = 0. (1.3)

�T� FN� )�$�� X�8�9 (1.1) � )��N�N{ P (λ) �N�N� )�*N,"� S K 8�9 (1.1) 3�N�N�N�N�
, � � (1.3)

K 8N9 (1.1) 3 �N� �N� ,
|N  � K 8N9 (1.1) 3 �N�N¡ .¢

1.1 X�8�9
x′′ − x = 0.

! £ SN¤N¥ 3�¦�§ ���"{ K λ2 − 1,
¤N¥ 3N¦N§   K λ = −1 ¨ λ = 1,

¤
¥ 3�X K x = e−t ¨ x = et.

%�© U X ¤�¥ 3�ª�«�¬"­"® {

W (t) =

∣

∣

∣

∣

∣

∣

e−t et

−e−t et

∣

∣

∣

∣

∣

∣

= 2 6= 0,

Z S , 6�7�V�W )°¯ �"± @ & U ¬"²�X"³ )+´ G"µ�8"9"3�]"X"a
x = c1e

−t + c2e
t,

|d}
c1 ¨ c2 a�¶�· 0�2 ^ �
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8N9 (1.1) 3N¦N§ �N��{ P (λ) a λ 3 n 5 �N�N{ ^ L�M"S F"G < X K & 5¯n{�) Z

P (λ) = (λ − λ1)
n1(λ − λ2)

n2 · · · (λ − λr)
nr ,|d}

n1 + · · ·+ nr = n, λi 6= λj(i 6= j), C 8�9 (1.1) ¸ F�G�¹�H K
(D − λ1)

n1(D − λ2)
n2 · · · (D − λr)

nrx = 0,

�n��º 8�9
(D − λr)

nrx = 0

3NXN»NaN8�9 (1.1) 3NXN^½¼N·�\ (D − λi)
ni ¨ (D − λj)

nj FNGN¾�¿�5NÀ )N¯ �Á�Â &
i, i = 1, 2, · · · , r, 8�9

(D − λi)
nix = 0 (1.4)

3�X�Ã�a�8�9 (1.1) 3�X�^ K m X�8�9 (1.4), ¼�· v ����Ä�Å q�Æ�Ç"Èd� � {
Dm(eδtx(t)) = eδt(D + δ)mx(t), (1.5)

|R}
m
K ¶N·NÉNÊ 2�) δ aN¶NË � 2 ^ÍÌ m = ni, δ = −λi, �N� (1.5) F : 8N9

(1.4) Î @
Dni(e−λitx(t)) = 0,Æ�Ç PdQnS 3�]�X K

x = (c1 + c2t + · · ·+ cni
tni−1)eλit,

Ï � [�\�8�9 (1.4) 3 & U ¬�²�X�³ v
eλit, teλit, · · · , tni−1eλit.

B i = 1, · · · , r,
*�, ¸ [�\�8�9 (1.1) 3 L�Ð n U X v

eλ1t, teλ1t, · · · , tn1−1eλ1t,

. . . . . . . . . . . . . . . . . . . . . . . .

eλrt, teλrt, · · · , tnr−1eλrt,

|d}nÂ & ­ } 3�X�Ñ � a"6"7�V"W�3"^Ð"Ò ÈÓ�Ôv+%
n U X"6"7"V"W"^+Õ I"Ö°× ) C°y Ö°Ø K"Ù 3 n U 0"2 α1,

· · · , αn Ú�[
(α1 + α2t + · · ·+ αn1

tn1−1)eλ1t + · · · + (αn−nr+1 + · · · + αntnr−1)eλrt ≡ 0,
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p1(t)e
λ1t + · · ·+ pr(t)e

λrt ≡ 0, (1.6)|R}
p1(t), · · · , pr(t) ÃNa �N�N{�) �nÜ α1, · · · , αn

Ö�Ø KNÙ )½����{
p1(t), · · · ,

pr(t)
}TÝNÞ y & U a"ß Ù 3 ) Ö"à�á K p1(t) aNß Ù �N�N{ ^ãâ�G e−λrt ä (1.6)©�å�) ×�æ�;�ç

nr 5 )+è � eλrt ä ©�å�) ¸ [
p11(t)e

λ1t + · · ·+ p(r−1)1(t)e
λr−1t ≡ 0, (1.7)|d}

pi1(t) é a &����"{")ê� | 5 2 £ pi(t) 3�5 2 ¤dë ^íì°î è G e−λr−1t ä
(1.7)

©�å�) ;�ç
nr−1 5 ) ×�æ � eλr−1t ä )+ï � [

p12(t)e
λ1t + · · ·+ p(r−2)2(t)e

λr−2t ≡ 0,|d}
pi2(t) a�5 2 £ pi1(t) 3�5 2�) Ï �"ð"£ pi(t) 5 2 ¤dë 3 �°�"{ ^ L°�"ñò�Ð�ó )+ô

r − 1 õ�¸ [�\
p1(r−1)(t)e

λ1t ≡ 0, (1.8)|R}
p1(r−1)(t) aN5 2 £ p1(t) 5 2 ¤Rë 3 �N�N{�)ö¯ � a�ß Ù ���N{ ^�_ � (1.8)@ Y )+÷ ß p1(r−1)(t) a Ù ����{�)+ø�ù ^ ¯ � *�, y L�Ð s"ú vû�ü

1.1 ý�þ�ÿ�� (1.1) ����������	 P (λ) 
�����
��
P (λ) = (λ − λ1)

n1(λ − λ2)
n2 · · · (λ − λr)

nr ,

���
n1 + · · ·+ nr = n, λi 6= λj(i 6= j), �������

eλ1t, teλ1t, · · · , tn1−1eλ1t,

. . . . . . . . . . . . . . . . . . . . . . .

eλrt, teλrt, · · · , tnr−1eλrt

� ÿ�� (1.1) ����������
�� ^¢
1.2 X�8�9

x(5) − 3x(4) + 2x′′′ = 0.

! H Q ¦�§ ����{�) A�� ¯ >"< X v
P (λ) = λ5 − 3λ4 + 2λ3 = λ3(λ − 2)(λ − 1).

F���¦�§   a 0(3 � ),1(1 � ) ¨ 2(1 � ).
¯ ��¤�¥ 3�¬�²�X�³ K

1, t, t2, et, e2t,Ï � ]�X ¸ a
x = c1 + c2t + c3t

2 + c4e
t + c5e

2t.
�
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1.3 X�8�9
x(5) − 3x(4) + 4x′′′ − 4x′′ + 3x′ − x = 0.

! H QnS 3�¦�§ ����{�) A < X ¯ > ) y
P (λ) = λ5 − 3λ4 + 4λ3 − 4λ2 + 3λ − 1 = (λ − 1)3(λ + i)(λ − i).

F���¦�§   a 1(3 � ), i(1 � ), −i(1 � ),
¤�¥ 3�¬�²�X�³ K

et, tet, t2et, eit, e−it,

]�X K
x = (c1 + c2t + c3t

2)et + c4e
it + c5e

−it,|d} ¶�· 0�2 c1, · · · , c5 F�G�a � 2 ^ ��TÜ ¦N§ �N�N{ F O y Ö a�� 2 3   ) ¯ � s�ú 1.1 � Q 3N¬N²NX } y 3�FONÖ a���� uN2 ^ O�� ï�& õ [�\ Ø� Ã � ��� u�2 ± @ 3�¬N²�X�³ f g�!�" a# s 3�^$ � D ) �TÜ (1.1) 3 1N2 ai ÃNa��N3 ) S 3�¦�§ ���"{ a�� 1�2��"��{�)¯ ��I � 2 λ0 = α + iβ a n0 � ¦�§   ) C |�%�& � 2 λ̄0 = α − iβ ð a n0 �
¦�§   ^ s�ú 1.1 � Q 3�¬�²�X�³ }n:dë � Q â

eλ0t, teλ0t, · · · , tn0−1eλ0t, (1.9)

eλ̄0t, teλ̄0t, · · · , tn0−1eλ̄0t. (1.10)

~ (1.9) £ (1.10)
}�'�Á�¥ u�2 <�(�¤�)�æ ÷ G 2 ¨ <�(�¤�*�æ ÷ G 2i, ¸ [�\

2n0 U ����X v
eαt cos βt, teαt cos βt, · · · , tn0−1eαt cos βt,

eαt sin βt, teαt sin βt, · · · , tn0−1eαt sin βt.| � ) S , � a (1.9)
}+' uN2 3��  ¨�,  ^ G S ,�- � ¬�²�X�³ } 3 (1.9) ¨

(1.10), A � ÁN|NS � 3�¦�§   ð�. L�� - � ) � F�[�\ & U ��3�¬�²�X�³�/ S ,021 6N7NVNWNa ��3 3 ) ¯ K µ�¬�²�X�³ } 3 Â & U X ) Ã�F�G ��4 @ % ³�X�3
6�7�³�5�^¢

1.4
��6

1.3
} 8�9�3���¬�²�X�³�^

! ¼�·
eit = cos t + i sin t.

7 y ��¬�²�X�³
et, tet, t2et, cos t, sin t.

�
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1.
� Ð ®�8�9�3 & U ��3"¬�²"X"³ v

(1) x(7) − 2x(5) + x(3) = 0;

(2) x′′′ + x′′ − 2x = 0;

(3) x′′′ − 5x′′ + 8x′ − 4x = 0;

(4) x(4) + 4x = 0.

2. : º a, b Ã�a�É 2 ^ Èd�n� t → +∞ � 8�9
x′′ + ax′ + bx = 0

3 Â & X�Ã�; Ü Ù ^
3.
I

P (λ) 3 Â U ¦�§   Ã y=< �  ) A � Ü R
1, f(t + ω) ≡ f(t), C ß�4

5�6�7�8�9
dnx

dtn
+ a1

dn−1x

dtn−1
+ · · ·+ an−1

dx

dt
+ anx = f(t)

y�> & 3 ω- ?�@ X�^
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