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2.1 !#"#$#%&('()(*(+(,.-(/1032�4(5�6�7�8(9�:�;�<(=�>@?3A(B�C@D3E(F�G�H�&(I�J
K ;(LNM(O(<P8�Q�RPS�2�TPU�:�;P<�=�V (E), W(X(Y(Z f(t, x) [(\(](^(_�Y�`a(b O(c(d(,fe@g3h�2�G K O�ikj(l(m(n (Lipschitz, 1832-1903) o(p , q(r(s1tc�d�Lu-�/�v

f(t, x)
&@w3x

R : |t− τ | ≤ a, |x− ξ| ≤ b

y ` a j�z o�p , {�| H�&�h�} N , ~�� 9������ (t, x1), (t, x2) ∈ R, ���
|f(t, x1) − f(t, x2)| ≤ N |x1 − x2|, (2.1)

e@g
N r�� j�z���� . � g3C�������, {P| f(t, x)

&
R
y���T

x
G��������

G������ � H�&�� ��� ,�� f(t, x)
&
R
y ` a s@t c�d�L

�� 2.1 ( ������ ) � f(t, x) �@�3� R ����� ,u�� P¡P¢¤£P¥§¦ (2.1),¨u©«ª«¬
(E) ­¤®«¯ I0 : |t − τ | ≤ h �«°«±«²«³  «¡µ´µ¶·¥�¦ (1.1), ¸¤¹

h = min{a, b

M
}, M º |f(t, x)| ­ R �@»3²�¼���½ L

¾�¿ �
3 À�Á�Â�Ã L

1. Ä D3E�Å�Æ � >@?3Ç�ÈPG�ÉP�P<�=PV

x(t) = ξ +

∫

t

τ

f(s, x(s))ds (2.2)

T
I0
y � J K \�] F�LÊÇ�È�GP��Ë�i�, {�| ϕ(t)

i(B(C1DÌE
(E), (1.1)

T
I0
y

G�F�,u�
ϕ(t) Í i�<�=�V (2.2)

T
I0
y�G�F

( Î�Ï�\�] ); Ð�Ñ , {�| ϕ(t)
i�<

=�V
(2.2)

T
I0
y�G \�] F�,u� ϕ(t) Í i�B�C@D3E (E), (1.1)

T
I0
y�G�F�L

2.
&

I0
y�,uÒ�Ó�Ô�Õ�Ö�×�Ø�Ù

{ϕk(t)} Ú >@?3e�Û�Ü�;�L ��Ý ,uÞ

ϕ0(t) = ξ,

ϕk(t) = ξ +
∫

t

τ
f(s, ϕk−1(s))ds, k = 1, 2, · · · .

(2.3)

2�Å�ß�8�à�á�>@?3â
{ϕk(t)}

&
I0
y � ��ã�, \�] ,u� ` a�ä Ç�å

|ϕk(t) − ξ| ≤ Mh ≤ b, t ∈ I0. (2.4)

æ(ç y(, Î k = 0 è (2.4) é(Ï(Ã(ê Lìë�í ϕm−1(t)
&
I0
y � �(ã(, \(] � (2.4)

Î k = m− 1 è(Ã(ê Lî� Î t ∈ I0 è , (t, ϕm−1(t)) ∈ R, ï S f(t, ϕm−1(t))
T
I0

1
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y � ��ã�, Ú � |f(t, ϕm−1(t))| ≤ M . ð3Ý@� k = m è G (2.3)

��,
ϕm(t)

i�T
I0
y � ��ã�G \�]�ñ }�,u� |ϕm(t) − ξ| ≤Mh ≤ b.&

f(t, x)
T
R
y ` a s@t c�d�G�ë�íPò�,�óP2�ÅPßP8�àPá�>ô?§â

|ϕk(t) − ϕk−1(t)| ≤MNk−1
|t− τ |k

k!
, t ∈ I0, k = 1, 2, · · · . (2.5)

æ�ç y�, � (2.3)
��, Î t ∈ I0 è ,

|ϕ1(t) − ϕ0(t)| =

∣

∣

∣

∣

∫

t

τ

f(s, ϕ0(s))ds

∣

∣

∣

∣

≤M |t− τ |,

õ Î k = 1 è (2.5) Ã�ê Luë�í Î k = m è (2.5) Ã�ê Lu��ó�2 (2.3) ö�s@t cd
(2.1)

R�÷@ø

|ϕm+1(t) − ϕm(t)| =

∣

∣

∣

∣

∫

t

τ

f(s, ϕm(s)) − f(s, ϕm−1(s))ds

∣

∣

∣

∣

≤ N

∣

∣

∣

∣

∫

t

τ

|ϕm(s) − ϕm−1(s)|ds

∣

∣

∣

∣

≤
NMNm−1

m!

∣

∣

∣

∣

∫

t

τ

|s− τ |mds

∣

∣

∣

∣

≤
MNm|t− τ |m+1

(m+ 1)!
.

RPù
(2.5) úPûPÃPê L ðuÝ ,�Ø«Ù {ϕk(t)}

T
I0
y KPü ÛPÜPLuí«eµý«þ ñ } �

ϕ(t).
�

ϕ(t)
i�É���<�=�V

(2.2), ÿ�� i�B�C@D3E (E), (1.1)
T

I0
y�G�F�L

3. ��� >@?3J K ;PL�ëPí x = ϕ(t) ö x = ψ(t) � i�<�=�V (E)
&����

I0y�G�F�, ` a�� K B�CPc�d (1.1).
T�i�&

I0
y �

ϕ(t) ≡ ξ +

∫

t

τ

f(s, ϕ(s))ds,

ψ(t) ≡ ξ +

∫

t

τ

f(s, ψ(s))ds.

�
u(t) = |ϕ(t) − ψ(t)|.

� � y�	�å �
u(t) ≤ N

∣

∣

∣

∣

∫

t

τ

u(s)ds

∣

∣

∣

∣

. (2.6)

S
M0 
�� u(t)

T
I0
y�G K ��y � Lu� � (2.6) �

u(t) ≤M0N |t− τ | ≤M0Nh.

2
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(2.6) ��� ,�� ���
u(t) ≤M0N

2
|t− τ |2

2!
≤M0N

2
h2

2!
.

Ð�� ����� ø Á G�Æ | ×�� (2.6) ��� ,uR ���
u(t) ≤M0N

k
|t− τ |k

k!
≤M0N

k
hk

k!
,

e@g
k
i�����G�� Ï }PL�Þ k → ∞ � � Í�� u(t) ≡ 0,

õ
ϕ(t) = ψ(t).

����>
Â L �

{�| 9������ (τ, ξ) ∈ G, ����� T G
G@w3x

R : |t− τ | ≤ a, |x− ξ| ≤ b, ~
� &�e�y f(t, x) ` a s@t c�d (

9
G
g ä�� G��

(τ, ξ),
h�}

a, b ö�s@t h�} NR�� ä��
),
� r f(t, x)

T(x
G
y! �"�#�$�%�j�z o�p . &�' , {(| f(t, x)

&
Gy(�(T

x
G(�(�(�(�(GP������(PH�&�� \P] , � f(t, x)

T
G
y�)�*�+ ` a s@tc�d�L

,�-
2.1 � f(t, x) � (t, x) .(¯(»Ì� G /Ì�(� ,N��0�1�2� �¡P¢@£�¥§¦�,¨43 ­ G /45�²�6 (τ, ξ),

©�ª�¬
(E) ��7 τ »�83²@®�¯ (²�9�: (τ, ξ) °�; )

��°�±�²  �¡�´�¶@¥3¦ (1.1) »3³ L
< =

1.
í
f(t, x)

T
[0, 1]× R

1
y \�] , Ú ����T x >�?�@�A LÌ� (E) ` a B�Cc�d

x(0) = 0
G�F�&����

[0, 1]
y�J K L

2.
í
f(t, x)

T
[0, 1]× R

1
y \(] , f(t, x) 6= 0, Ú �(�(T t ` a s1t c�d�L��9�����G

(τ, ξ) ∈ [0, 1] × R
1, (E) ` a B�C�c�d x(τ) = ξ

G�F�H�&���J K L
2.2 BDCDEDFDGDHDIDJ *K �

2.1 LNMNO �NPNQ��NRNSNTNUNVNWYXYZN[]\ r(t) = ‖ϕ(t)−ψ(t)‖, UN^ ‖x‖ _N`badc x MNeNfNghNikj
‖x‖ =

(

n
∑

k=1

x2
i

) 1

2

, lNL x1, · · · , xn m adc x M � cNnko XNZ MYp r(t) ≡ 0, t ∈ I0. qNr XNs nktu o XNZ MNv �YwYxYy i{zY| t1 ∈ I0, }N~ r(t1) > 0. � m ϕ(t), ψ(t) �N�N�N�N�N�N� (1.1), � t1 6= τ .mN� KN�Ni�� t1 > τ .
T
S _N` τ ≤ t ≤ t1 �N� | } r(t) = 0 M t �N�N�Nn�� mN�N� τ ∈ S, � S

wN� i� l �N�N�Nm t0. � r(t) MN�N� PN�N� | r(t0) = 0. �b�d� t0 p S M �N�N� i�� r(t1) > 0, � r(t) > 0,

t ∈ (t0, t1). � (t0, t1) � �N� dr(t)
dt

, �N  |
dr(t)

dt
=

1

r(t)

n
∑

i=1

(ϕi(t) − ψi(t))(fi(t, ϕ(t)) − fi(t, ψ(t)))

≤ |f(t, ϕ(t)) − f(t, ψ(t))| ≤ N |ϕ(t) − ψ(t)|.¡ q wN¢N£
|x| =

n
∑

i=1

|xi| ≤
√
n

(

n
∑

i=1

x
2
i

) 1

2

=
√
n ‖x‖,

3
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dr(t)

dt
≤ N

√
nr(t), t ∈ (t0, t1).¦

t ∈ (t0, t1) ¥ t1 § � � £N¨ |
∫

r(t1)

r(t)

dr

r
≤ N

√
n(t1 − t),

j
ln r(t1) − ln r(t) ≤ N

√
n(t1 − t), t ∈ (t0, t1).©

t→ t0 ªN«N¬N­ � +∞,
�N® ¬Nm |N¯Nh n U �Y°N± _ Z i � I0 �N² | r(t) ≡ 0,

j
ϕ(t) ≡ ψ(t).

�Y³ XYZ MYoY´Yp ∫

r0

0
dr

r
= +∞(r0 > 0). µY¶Y· U � oY´ i �Y  ¨YwY¸ �Y¹ uYº M¼»Y½Y¾Y¿ (Os-

good, 1864-1943) ÀNÁ : ÂNÃNÄ (t, x1), (t, x2) ∈ R,
|

|f(t, x1) − f(t, x2)| ≤ G(‖x1 − x2‖), (2.7)

lNL G(s) � 0 < s ≤ s0(s0 > 0) � �N� i G(s) > 0, Å
∫

s0

0

ds

G(s)
= +∞. (2.8)

ÆNÇ
2.2 ( »N½N¾N¿ ) È f(t, x) É R : |t− τ | ≤ a, |x− ξ| ≤ b ÊNËNÌNÍNÎNÏNÐNÑNÒNÓNÔNÕ i×ÖNØYÙNÚ

(E) ÛdÜNÝNÞNßNàNÎNÏNáYâYÔNÕ (1.1).ãNä åNæNç �Nè �NV i qYr XYs nêéYë |
dr(t)

dt
≤ |f(t, ϕ(t)) − f(t, ψ(t))|.

�Npb� (2.7) ~N¥
dr(t)

dt
≤ G(‖ϕ(t) − ψ(t)‖) = G(r(t)).¦

t ∈ (t0, t1)(t0, t1 MNÄNì ç � ) ¥ t1 § � � £ ~N¥
∫

r(t1)

r(t)

ds

G(s)
≤ t1 − t, t ∈ (t0, t1).

\
t→ t0,

¡ q (2.8)
¨N� i «N¬N­ � +∞,

�N® ¬Nm |N¯ n °N± n K �YX å n �í
2.1 îNïNðNñNòNóNôbõdöN÷NøNù iûúbü ÔYÕNÉNýYôNáYâbþ�ÿNàNó��NÞ��Nó���� i�� ýNôYïNð�	�
��
���� ó������Nn������Yù����dó þ�ÿ [ Ï���ýYôYáNâ þ�ÿYàNó��YÞ��YóNÔYÕ������YÜYýYôNïYð�	�
�� 
��� ó��������dÝ��� �! õ i#"�$ ß þ�ÿNóYÞ�%�&�'�(�)����YñYóYn#*���+Y÷�,YÞ�
Yþ [#- ú ü ÔYÕ�.�/Þ�%Nó�0�1�2NñNó��YÞ��YÔYÕ�����3YÝ $ 1��YÜ���4�* $ ß þ�ÿNó�5�6�7�8YÝ�9�:NÞ�%Yó�;�<Nn#2�= i 7

8Nôbõ�9dÊ�>NÐNÑNÒYÓYÔYÕ�3YÝ $ 1��NÜYn
< =

1.
�

f(t, x) =







0, x = 0,

x ln |x|, x 6= 0.XNZN[@?�A
x′ = f(t, x)

w �N��BNfN�N� i@C �N��D�E�F�G�H�I�J�K�L�M ?�A�N�O�P�Q H�I x(0) = 0 R�ST�U�V
4
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2. g�h�i�j�J#k�l f(t, x) m�n

f(t, x) =







0, x = 0,

x(ln |x|)α, x 6= 0,

o j X�p α > 1, q f k�r�s
2.3 tvuvwvxvyvzv{|v}

2.3 ~v�v�v� G ���v� (τ, ξ), �v����� (E), (1.1) �v�v�v� τ ���v�v���v�v�v�
�v���v� G ���v� (τ, ξ), �v����� (E), (1.1) �v�v�v�v�v�v���v�v�����v�v���v���v ¢¡£v¤

¥v¦v§v¨v©vª ��«v¬v­v® (E) ¯v°v±³²v´ ¨ ¯vµv¶v·v¸¢��¹¢ºv»¢¬¢­v® (E) ¯v¼v½v²
´ ¨ ¤¾¢¿ À

x = ϕ(t) Á x = ψ(t) Â¢Ã¢Ä¢Å¢Æ¢Ç (E), (1.1) ¯¢²¢��È¢É¢¹¢¯¢Ê¢Ë¢Ì¢Í¢Î
I, τ ∈ I . Îv®vÏ t ∈ I ºv� ϕ(t) ≡ ψ(t), ÐvÑvÒvÓv®vÔ ¤�Õ À ÊvË t1 ∈ I , Öv× ϕ(t1) 6= ψ(t1).ÎvØ ©vÙ � À t1 > τ . ÚvÃvÛvÊvË t0 ≥ τ , Öv×

ϕ(t0) = ψ(t0), ϕ(t) 6= ψ(t), t0 < t ≤ t1. (2.9)

Ë t0 ≤ t ≤ t1 Ü � x = ϕ(t) Á x = ψ(t) Â¢Ã (E) ¯¢²¢��Ý¢Þ¢ß¢à¢¹ ¨ Ä¢Å¢·¢¸ x(t0) =

ϕ(t0) = ψ(t0).
¥v¦ Õ À ��Ë t0 ≤ t ≤ t1 Üvávâvã ϕ(t) ≡ ψ(t), ä §vå (2.9) ævç ¤ �

2.4 èvyvzvuvévêv��ëvt
Üvì ÐvÑv®�í�îv��ïvð f(t, x) Ë (t, x) ñvÍv¯vò G ó�ôvõv��ÝvÞvöv°v±¢÷vßvà¢ø�ù�·

¸vúvÈvûvü ¨vý ¯v·v¸v�ÿþ��vµv¶ (τ, ξ) ∈ G, ÄvÅvÆvÇ (E), (1.1) ¯v²���� (°v±v÷ ) ÊvËv�� ÞvÃv´ ¨ ¯ ¤[Õ ï f(t, x) �vÃvôvõv��� ¨���	 ®�í�� § ºvÄvÅvÆvÇv¯v²�
��vÊvË ¤ � � �
����
 f(t, x) ôvõv���và��v­v®vÄvÅvÆvÇv²v¯v´ ¨�� ¤�� ïvÄvÅvÆvÇ

x′ = 2|x|
1

2 , x(0) = 0

ávã�������� ² ¤���� Ü �������v®v���vµv¶���� a ≤ 0, b ≥ 0, ���

x =















−(t− a)2, −∞ < t < a,

0, a ≤ t ≤ b,

(t− b)2, b < t < +∞

ÂvÃ Ü�� ÄvÅvÆvÇv¯v² ¤�� �!
(E) ¯v²vËvñvÍ (t, x) ¯�"�#v�%$�& Ü�' Î �� (E) ¯)(�*�+�, ú ' Î t�+�, .- Ò § ��.�/ �ÿÄvÅvÆvÇ (E), (1.1) ¯v²v´ ¨ � á Ã�� ã ¨ ·�0�13254�6�7�8 (τ, ξ). Ü�� �9;: ¯ Ä Å Æ Ç ã<�<���<� ² ¤>=<? ¶ Ü�@ � á Ã ã��<��� ·<0�13254<6�7�8 (0, 0), A ã §B 0�13254vÂvË�8 (0, 0) C�D�E ¤§<F ²<� ´ ¨ ¯<G<# ö ã ü<H<I<Jv¯<K�L � û<M�N Ë�O �� <P Ü ¤%QSR�T ¨�U §4

�
4.1,V�W�X�Y�Z�[�\

x′ = e
t

x
x′

, (2.10)

5
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û ã�_ µ�`���� c ¯ ¨�a ² ( bv² )

x =
1

c
ect (2.11)

Á�c�d ¨ � Ý���e _ Ë §v¨�a ² : ¯�fv²
x = et. (2.12)

0�13254 (2.12) Ã ¨ ·�g�hvÎ e ¯�i�4 ¤ �vû Üvì µv¶ ¨ 8 (t0, x0) 6= (0, 0), j Z Ë�0�132
4 a (2.11)

:5k�l 6�7�8 (t0, x0) ¯ ¨ ·v� § ��m�n c, Öv× 1
c
ect0 = et0, o ect0 = ect0. ��p

ect0 = ect0 ÏvÞ��vÏ ct0 = 1,
= �

ect0 = e.
§�q í56�7�8 (t0, x0) 6= (0, 0) ¯ §�r ·�0�13254

Ë�s�8�t ã Dv¹v¯�g�h�u%v�w�x q � (2.12) Ã �� (2.10) ¯ §�yv¨ ·�0�13254v� È Ü µv¶ ¨
8 (t0, x0) 6= (0, 0) Â ã �� (2.10) ¯�c�d ¨ ·�03254�6�7vÝ å�z Ë�s�8�D�E ¤

� ìvá ¨vý ¯ ¨�{ O �� �|
F (t, x, x′) = 0 (2.13)

}�~ � §�F G�# ¤ À x = ϕ(t) Ã �� (2.13) ËvÌvÍ I Ü ¯v² ¤ ïvðvû�D â ¯�0�13254 Ü µ¶ ¨ 8¢Â ã �� (2.13) ¯�c ¨ ·�0�1�2�4�6�7¢Ý¢Ë�s�8 å�z D�E¢��þ ' Î �� (2.13) Ë¢Ì
Í I Ü ¯ ëvt .

ïvð F (t, x, p) Ã (t, x, p) ¯vôvõ Z�� ���v��þ x = ϕ(t) Ã �� (2.13) ËvÌvÍ I Ü ¯��²v¯vÛ��v·v¸vÃ
F (t, ϕ(t), ϕ′(t)) = 0, Fp(t, ϕ(t), ϕ′(t)) = 0, t ∈ I. (2.14)

��� Ü � x = ϕ(t) ßvà (2.14) ¯ T ¨�| Ã��vÎvûvÃ �� (2.13) ¯v² ¤�Õ ï (2.14) ¯ T�� |
Ë t0 ∈ I C��vßvàv��o Fp(t0, ϕ(t0), ϕ

′(t0)) 6= 0, þvË�8 (t0, ϕ(t0), ϕ
′(t0)) ��� â Ò�O����vÊË ©vª � Z�= (2.13)

: ²��
x′ = f(t, x), (2.15)

Þ���� f(t, x) ö¢Ã¢ô¢õ Z�� ¯ ¤ ¥¢¦ ´ ¨��¢©¢ª ��6�7�8 (t0, ϕ(t0)), � Z ¬ ã �� (2.13),

o �� (2.15) ¯ r ·��v¹v¯�0�13254 ¤ ��s (2.14) ¯ T�� | Û���A ã t ∈ I
\��v¤

Û��v·v¸ (2.14) ��í�� �� (2.13) ¯��v²�e _ Ë3� �� �!
F (t, x, p) = 0, Fp(t, x, p) = 0 (2.16)

�<�
p
� × l ¯;2S4 : ¤ § ¨ 2S4 ' Î �� (2.13) ¯ p- �<�<+<, . p- �<�;2S4 Ã<� Ã<� ² ��5� �v® ¤Q l Ü�� � 9 � �� (2.10) ¯ p- ���32543�

p = e
t

x
p, 1 =

t

x
e

t

x
p

Ø © ����� @ �v��û á Ã (2.12).�
2.1 ����� (Clairaut, 1713-1765) ���

x = tx′ + g(x′) (2.17)

� ã �v²v� §�� ��� g(p)
r�� ôvõ Z�� ��Þ g′′(p) 6= 0.

6
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¾v¿ § ºv¯ (2.16) Ã

x = tp+ g(p), t+ g′(p) = 0. (2.18)

��Ú g′′(p) 6= 0, ÐvÑ Z�= (2.18) ¯ T�� | ²�� p = ψ(t). ��� (2.18) ¯ T ¨�| × l
x = tψ(t) + g(ψ(t)). (2.19)

� ì �v® (2.19) Ã �� (2.17) ¯��v² ¤ Î�sv���� �¡�`v��¢vÒ T ¨�U §4 A � � Ô Z 
v× � 
(2.17) ¯�bv²

x = ct+ g(c),

È : c Îvµ�`���� ¤ �vµ ¨ t0, n c = ψ(t0)
� × l

x = ψ(t0)t+ g(ψ(t0)). (2.20)

(2.20) Á (2.19)
§�r · �� (2.17) ¯�0�13254vÂ�6�7�8 (t0, x(t0)). Ë t = t0 Cv� (2.20) ¯ �£ Î ψ(t0),

�
(2.19) ¯ ��£ Î ψ(t0) + t0ψ

′(t0) + g′(ψ(t0))ψ
′(t0), ��Ú t0 + g′(ψ(t0)) = 0, û

»�¤vÚ ψ(t0), ¥�6�7�8 (t0, ψ(t0)) ¯ §�r ·�0�13254vË�s�8�D�E ¤ § á ®�í�î (2.19) Ã �� 
(2.17) ¯��v² ¤ �

¦ §

1. 
���¨ � 1 �� ¯�bv²vÁ��v²�©
1) y = xy′ − a

√

1 + y′2, a Ã ¨ ����u
2) y = xy′ + y′

2
.

2.
À

G(y) Ú [0, 1] ô¢õ¢��ß¢à G(0) = 0, G(y) > 0, y ∈ (0, 1]. ®�í�© y = 0 Ã �� 
y′ = G(y) ¯��v²v¯�ª��v·v¸vÃ�0�1 ∫ 1

0
dr

G(r) «�¬
¤
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