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�
§2 �! #"%$ � f(t, x) &%'%(%)%*%+-,/.�0�1�2�3�4�576/8�9;:�< (E) 1=�>7?/@�A 1;B �DC;E;F;GDHJI;K;L 2D3 f(t, x) &�'� NM�O I;PRQ 4;S;1DT;UV

(Peano, 1858-1932) W%X%Y A 1%B �%G%Z7[ 8�\%W�17]/^� `_ L 2�3 f(t, x) &
'�a�b�c�5 A 1 E�F�G�H

��� 3.1 d f(t, x) e-f!g R : |t− τ | ≤ a, |x− ξ| ≤ b h%i%j Hlk!m%n�o (E)p7q�r
I0 : |t − τ | ≤ h h�s�t�u�v�w;xzy|{ (1.1), }7~ h = min{a, b

M
}, M �

|f(t, x)|
p

R h7�/����h�� H� 8�576/����W�X� N�;���;� F��;�;���;��H
3.1 �������

��576/9�:�< (E) � A x(t) )�* =�> .�0 (1.1), ��� P����  N�;�;�;5�6
(t, x) �7�/B ��F .��� �¡ (τ, ξ) 17¢/£ x = x(t), )�*

dx(t)

dt
= f(t, x(t)). (3.1)

W%X 3.1 1%5-6!1%¤%¥�¦�§�����3�¨;©�ª F7« �� �¡ (τ, ξ) 1%¬%£%­%®%¯�"
$���576/°�B � 1�±�.�²;³�¢/£ H�%´  #µ%�%¶-·�� I+ : τ ≤ t ≤ τ +h ¸%³%¹ m º% #» F º%¼ � hm = h

m
. ½

τk = τ + khm, k = 0, 1, · · · , m.

¾�¿7À

ξ0 = ξ,
ξk+1 − ξk

τk+1 − τk

= f(τk, ξk), k = 0, 1, · · · , m − 1, (3.2)

Á À
ξ0 = ξ, ξk+1 = ξk + hmf(τk, ξk), k = 0, 1, · · · , m − 1Â W ξk, k = 1, · · · , m. (3.2) ����¶ (3.1) �/1�Ã�Ä�Å�¹�Æ�Ä� NÇ;È;É;¶ (3.1) ÊË�Ì 1�M K�HNÍ ��"�$;Î�Ï m + 1 ��¡�Ð

(τ0, ξ0), (τ1, ξ1), · · · , (τm, ξm).

¶%Ñ%Ò%Ó%¡�Ô�Õ;£ ¾�¿ &�Ö;×�Ø� ÚÙ�Î�Ï F .RÛ =�Ü ¡ (τ, ξ) Ý!Þ%ß%1%¬�£; áà� Þ�ßãâ�ä�å�æ . °�ç A�è�é�ê�ë ¹

ϕ+
m(t) =















ξ, t = τ,

ξk + f(τk, ξk)(t − τk), t ∈ (τk, τk+1],

k = 0, 1, · · · , m − 1,

(3.3)
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ϕ+
m(t) =























ξ + f(τ, ξ)(t − τ), t ∈ [τ, τ1],

ξ + hm

l−1
∑

k=0

f(τk, ξk) + f(τl, ξl)(t − τl), t ∈ (τl, τl+1],

l = 1, · · · , m − 1.

(3.4)

ìîíîïîð é ¶-·%� I− : τ−h ≤ t ≤ τ ¸î³î¹ m ºî ñ» F ºî1%¼%ò � hm = h
m

.

½
τ−k = τ − khm, k = 0, 1, · · ·m,ó ¾�¿7À

ξ0 = ξ,
ξ−k−1 − ξ−k

τ−k−1 − τ−k

= f(τ−k, ξ−k), k = 0, 1, · · · , m − 1,

Á À
ξ0 = ξ, ξ−k−1 = ξ−k − hmf(τ−k, ξ−k), k = 0, 1, · · · , m − 1Â W ξ−k, k = 0, 1, · · · , m. "�$�ô�Î�Ï m + 1 ��¡�Ð

(τ, ξ), (τ−1, ξ−1), · · · , (τ−m, ξ−m).

¶%Ñ%Ò%Ó%¡�Ô�Õ;£ ¾�¿ &�Ö;×�Ø� ÚÙ�Î�ÏRÛ =;Ü ¡ (τ, ξ) Ý!õ%ß%1%ö�÷�¬�£; á°
1 A�è�ê�ø�ù��

ϕ−
m(t) =















ξ, t = τ,

ξ−k + f(τ−k, ξ−k)(t − τ−k), t ∈ [τ−k−1, τ−k),

k = 0, 1, · · · , m − 1,

(3.5)

Á

ϕ−
m(t) =























ξ + f(τ, ξ)(t − τ), t ∈ [τ−1, τ ],

ξ − hm

l−1
∑

k=0

f(τ−k, ξ−k) + f(τ−l, ξ−l)(t − τ−l), t ∈ [τ−l−1, τ−l),

l = 1, · · · , m − 1.

(3.6)

¶�Þ�ß�ú�õ;ßDö;÷D¬;£D&;Ö;×DØ; JÙDÎ;Ïz·;� I0 : |t − τ | ≤ h
� 1�ö�÷�¬

£� Nû ê�ø�ù��

ϕm(t) =







ϕ+
m(t), t ∈ [τ, τ + h],

ϕ−
m(t), t ∈ [τ − h, τ).

(3.7)
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ϕm(t) þ���4�ÿ G�� Ð
1. � t ∈ I0 �  (t, ϕm(t)) ∈ R;

2. � t1, t2 ∈ I0 �  |ϕm(t1) − ϕm(t2)| ≤ M |t1 − t2|;

3. ��½
∆m(t) = ϕm(t) −

(

ξ +

∫ t

τ

f(s, ϕm(s))ds

)

, (3.8)

Á

ϕm(t) = ξ +

∫ t

τ

f(s, ϕm(s))ds + ∆m(t),

� � m → ∞ �  � I0

��F���é �
∆m(t) → 0.

G��
1 ú G�� 2 ����576 H 4�	�576 G�� 3.
 �
f(t, x)

�
R
� & '  ���
 Y�� Z 1 ε > 0, B � δ > 0, � Î��

(t1, x1), (t2, x2) ∈ R, |t1 − t2| ≤ δ, |x1 − x2| ≤ δ �  N�
|f(t1, x1) − f(t2, x2)| ≤

ε

h
.

À
(3.7), (3.3) �� �� t ∈ [τk, τk+1], k = 0, 1, · · · , m − 1 �  N�

|ϕm(t) − ξk| = |f(τk, ξk)(t − τk)| ≤ |f(τk, ξk)| · |τk+1 − τk| ≤ M
h

m
.

� B � Û�� ý K, ��Î�� m ≥ K � �
|f(τk, ξk) − f(t, ϕm(t))| ≤

ε

h
. (3.9)

���  À (3.7), (3.5) �� �� t ∈ [τ−k−1, τ−k], k = 0, 1, · · · , m − 1 �  N�
|ϕm(t) − ξ−k| ≤ M

h

m
.

����� m ≥ K � �
|f(τ−k, ξ−k) − f(t, ϕm(t))| ≤

ε

h
. (3.10)
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¶ (3.4), (3.6), (3.7) ��� (3.8), Î�Ï

∆m(t) =



































∫ t

τ
(f(τ, ξ) − f(s, ϕm(s)))ds, t ∈ [τ, τ1],

l−1
∑

k=0

∫ τk+1

τk
(f(τk, ξk) − f(s, ϕm(s)))ds

+
∫ t

τl
(f(τl, ξl) − f(s, ϕm(s)))ds, t ∈ (τl, τl+1],

l = 1, 2, · · · , m − 1,

∆m(t) =



































∫ t

τ
(f(τ, ξ) − f(s, ϕm(s)))ds, t ∈ [τ−1, τ ],

l−1
∑

k=0

∫ τ−k−1

τ−k
(f(τ−k, ξ−k) − f(s, ϕm(s)))ds

+
∫ t

τ−l
(f(τ−l, ξ−l) − f(s, ϕm(s)))ds, t ∈ [τ−l−1, τ−l),

l = 1, 2, · · · , m − 1.

À/´�� Ô (3.9), (3.10) ��ç�� [ ÐNY�� P t ∈ I0, �
|∆m(t)| < ε.

G��
3
Í ��Î�Ï�8�576 H

3.2 � � !�� - � " # $ % &

 � ";$;©DªD8 Fz« �D  ¡ (τ, ξ) 1;ö;÷;¬;£D JÎ ÏD8 Fz« )D* =D> .D0

(1.1) 1 ü�ý ϕm(t). "�$�'�(��7�/b*) [|F � � I0

��F���+�, 1�-*.;ÿ; Jû0/1 ü�ý ��� =�>7?/@ (E), (1.1) 1 A�H!��´  !"�$���� � Ô�40	�102�X; 4305�à�76�8�9 ä (Arzelà, 1847-1912)-
6�:�;�<

(Ascoli, 1843-1896) =�� , û�>�? C 5
6/9�¨�@ C ý�A ³ è �/10B;¡�C � Ñ ð H

3 F = {f(t)} �%WD? � ·�� I
� 1 ü%ýDE H�I�K B ��F ý M0, �%Î%YD�D>

f(t) ∈ F , @��
|f(t)| ≤ M0, t ∈ I,

� à ü�ý�E F
� ·�� I

� �HG�I�J�K 1�L I�K Y�� F�F ý ε, B ��M�C ε ��N
1 F ý δ, ��Î�Y���> f(t) ∈ F ,

L � t1, t2 ∈ I, |t1 − t2| ≤ δ, ���
|f(t1) − f(t2)| < ε,

� à ü�ý�E F
� ·�� I

� �HO�P�Q�R 1 H
�%WD?%�D�% F�� ��S�1 ü�ý�E �/» F ü�ý @�����S;1�L ¸%ò;&�'�1 ü�ý�E

�/» F ü�ý @�� F�� &�';1 H _;�;Ó��;O0T�10U�a0V H
4
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=�� 3.1 d F = {f(t)} ��s�W q�r I = [c, d] h���X�s��; �Y[Z;i;jz�[\]�^�_�` HDk�a

F ~�b�c�dfe p7q�r I h���X�g�h7��i�j�k H
lDm �DnDo F �Dp�q ü%ýDE 10r�s Hut0v 2;3� F

�
I
�%FD� �DS� Á

B � M0 > 0, ��Î�Y���> f ∈ F , @�� |f(t)| ≤ M0, t ∈ [c, d]. ��
 F � ü�ý 1w s�@ ��x s
R0 : c ≤ t ≤ d, − M0 ≤ x ≤ M0y � ( z w ).

{
ε1 = M0

2
.
t�v

F 1�¸�ò�&�' G  NB � Û|� ý n1, ��Î�Y���> f ∈ F , �
|f(t1) − f(t2)| < ε1, t1, t2 ∈ [c, d], |t1 − t2| ≤ δ1 =

d − c

n1

. (3.11)

Ô�}�ß Í�~���� 1�Õ�£�¶ R0 ³���¹�� � ε1 � � δ1 1�� x s H � � 1�� x s��
� 4n1 � H;À (3.11) �� F �/»�� ü�ý 1 w s � 
�Ñ�Ò0�0��£ ��� S;1�» F��
. ������L b��� �Ó���Ñ;Ò�10� x s HN� n1 ��� � 1 � .7�/ |» F0� .��0��Ó
�%Ñ%ÒD� x s�©;¹ F ������� � 2ε1 1 �D� s H ��� ��� s�1�� ý�� ��� 1  u�
F �/» F ü�ý 1 w s�@0�0� �0�;F �;� � 1 �0� s�� H�� 2;3; F �/1 ü�ý ��D� � �% ç�z����;� F �����0� � 2ε1 1 �D� s% ½ � S1,

� û��4�%� F 1 �� � � ü�ý 1 w s H ¶ F 1���� ��� -� ;½ � F1.
{

ε2 = M0

22 . ¡ À F 1�¸�ò
&�' G �� NB � Û�� ý n2, ��Î�Y���> f ∈ F , �

|f(t1) − f(t2)| < ε2, t1, t2 ∈ [c, d], |t1 − t2| ≤ δ2 =
d − c

n2
.

5
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Ô�}�ß Í�~���� 1�Õ�£�¶ R0 ³���¹�� � ε2 � � δ2 1�� x s H � � ç��� [���
� F �D� Í S1 �!1¢�£�D� � 2ε2 1 �D� s S2,

� û��4�%� F1 1 �D� � � ü;ý 1w s H ¶ F1 1���� ��� -� �½ � F2.FD¤ Ø%É% �2 I�¥/�7[ ����� � 2εk = M0

2k−1 1 �D� s Sk,
ó Î%Ï w s�� Í û

�!1 �D� ü%ý�E Fk. Y Í εk+1 = M0

2k+1 , "%$D¦%b �-[ � Í Sk �!1§�£�D� � 2εk+1

1 ��� s Sk+1,
� û¨����� Fk 1 ��� � � ü;ý 1 w s H ¶ Fk 1���� ��� -0 

½ � Fk+1.©�y  N"�$�Î�Ï F7« ü;ý�E F1, F2, · · · , Fk, · · · , °�$�þ�� I 4 G�� Ð
1. Fk @�� ��� ü�ý�E  F ⊃ F1 ⊃ F2 ⊃ · · · ⊃ Fk ⊃ · · · ;

2. Y Í Fk �/1���>�Ó�� ü�ý f1(t) ú f2(t), �
|f1(t) − f2(t)| < 2εk =

M0

2k−1
, t ∈ [c, d].

ª �%�
F1 �4� F ü%ý f1(t),

�
F2 �4� FD«%Í f1(t) 1 ü%ý f2(t),· · · ,

�
Fk

�4� FD«%Í f1(t), · · · , fk−1(t) 1 ü%ý fk(t),

 �

Fk, k = 1, 2, · · · @%� �D�  D¬% 
��
 � S�� � ü�ý @���B � 1 HJI;´�­ ';4�­; NÙ;Î;Ï F �0.;ÿ

f1(t), f2(t), · · · , fk(t), · · · . (3.12)
t�v�� S G�� 1 ú 2 ���� NY�� P Û�� ý k ú p, @��

|fk(t) − fk+p(t)| <
M0

2k−1
, t ∈ [c, d].

À/´  v�®�¯�+�,���� Á �0.�ÿ (3.12)
Í

[c, d]
��F���+�,�H

ª � nDo F �-Ý4q ü%ý�E 1�r�s H µ���n�o À F �4�%�-Ý4q ü;ý 1�° F �
³Dq%<%¹%1 ü%ý�E  Y�° � Ô ¥ 576/1�M�O� �D���7�|ç�) [/Í I

�%FD�D+D, 1ü�ý .�ÿ H ¡�n�o F ��
�� F .�ÿ7�/1 ü;ý � ° F ³0q;10����Ý[q ü;ý 10°0�
�%³Dq%<%¹%1 ü�ý�E  ó Y�°�±�Ô ¥ 576/1�M�O� �-�[) [/Í I

�%FD�D+D, 1 üý .�ÿ HNI�´�­ ';4;­; �0² ç;� F ��Ý�q ü�ý 1�° n ��³�q7��) [/F � Í I��F���+�, 1 ü�ý .�ÿ H|Í � F ��
�� F .�ÿ7�/1 ü�ý � ° n ��³�q�17Ý�q üý .�ÿ�Ù � I
��F���+�,�H 2�X�� ´ 5 ì H �

³ ´

1. µD¶%É-642%X 3.1 �!1D·%�%.%0 ( ·%�!� 1  ü%ý�E F�� ��S� ¸�ò�&�' )¸ F a�ç H
2. 3 F = {fk(t)} ��� 1 ·�� I = [c, d]

� 1 F &�' ü�ý .�ÿ H 576|Ð¹� F

�/1�»���-�.�ÿ��7��@;ç�) [|� ·;� I
��F���+�, 1�-�.�ÿ� � F � F�� ��S

ú�¸�ò�&�'�1 H
6
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3.3 º » ¼ ½ & ¾ ¿ À

Á ¥�Â7[ Ð À (3.7),(3.4),(3.6)
ê7[ 1 ü�ý ϕm(t) þ�� G�� 1, 2, 3.

À/G��
1 ú G�� 2 �� �.�ÿ {ϕm(t)}

� � 1 ·�� I0

��F�� ��S�(�¸�ò;&;' H¹t0v 2;X
3.1, �7�/ç�) [/F � � ·;� I0

��F���+�, 1*-0.;ÿ {ϕmk
(t)}. 3�û�/ 1 ü�ý �

ϕ(t).
��� &�' ü�ý .�ÿ�1 F0� / 1  ϕ(t) ô � I0

� &�' HDÀ (3.8) "�$��
ϕmk

(t) = ξ +

∫ t

τ

f(s, ϕmk
(s))ds + ∆mk

(t), t ∈ I0.

t�v
{ϕmk

(t)} 1 F���+�, G ú f(t, x) 1 F�� & ' G �  ¹� k → +∞ �  
f(t, ϕmk

(t))
Í

I0

�DF*�*+*,DÍ
f(t, ϕ(t)).

vD´  �¡ � Ô G*� 3,
�D�Dù � {

k → +∞ ��/ 1 Ù�Î
ϕ(t) = ξ +

∫ t

τ

f(s, ϕ(s))ds, t ∈ I0.

��É76 x = ϕ(t) � =�>7?/@ (E), (1.1)
Í ·�� I0

� 1 A�H W�X�5 ì HÃ�Ä
3.1 Å f(t, x) e (t, x) Æ r �!g G Ç!i%j% k4È e G Ç4É%�DÊ (τ, ξ),m%n%o

(E)
pDË

τ �DÌ!� q%r ( }DÍDZ%�DÎ¨Ï (τ, ξ) s�Ð ) h%s%t%u%v;w�x7y|{
(1.1).Ã�Ä

3.2 Å f(t, x) e (t, x) Æ r �/g¨Ç G i�j� D � (t, x) Æ r �/s��
g; �Ñ D̄ ⊂ G,

k[Ò;p
h > 0, Ó0Ô È0Õ0Ö �*Ê (τ, ξ) ∈ D,

m;n;o
(E) s p

|t − τ | ≤ h h�s�b�×7�/t� Nu�v;w�x�y|{ (1.1).
l�m ����S�Ø G0, ��Î

D̄ ⊂ G0, Ḡ0 ⊂ G.


 ρ0

ê�ë
D 1 � S ∂D

C
G0 1 � S ∂G0

y �/1�Ù�Ê ∗.
�

ρ0 > 0,

 ��B �

b > 0, ��Î�Y���> (τ, ξ) ∈ D, Ú�Ø
R : |t − τ | ≤ b, |x − ξ| ≤ b

@D� Í G0 � H � M0

�
|f(t, x)|

Í
Ḡ0 1 F � � S% h = min{b, b

M0
}.
�-À W%X

3.1 �� N9�:�< (E) � A )�* =�> .�0 (1.1),
ó ( � |t − τ | ≤ h

� ��W�? H �

∗(t, x) ÛÝÜÝÞÝßÝàÝá X â Y ãÝÜÝäÝåÝæÝçÝèÝé
d(X, Y ) = inf

(t,x)∈X

(τ,y)∈Y

d((t, x), (τ, y)),

êÝë
x = (x1, · · · , xn), y = (y1, · · · , yn), ìÝí

d((t, x), (τ, y)) = ((t − τ)2 + (x1 − y1)
2 + · · · + (xn − yn)2)

1
2 .îÝïÝðÝñÝòôó

X â Y õÝöÝ÷ÝàÝøôùÝú îÝû øôí ê � éýüýþýäýøôÿ d(X, Y ) > 0.

7
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1. ��576/4�ÿ =�>7?/@ 1 A�Í0Â W7·;�/�;W0?�Ð
(1) x′ = e−t2 + x2, x(0) = 0, |t| ≤ 1

2
;

(2) x′ = t2 + x2, x(0) = 0, |t| ≤ 1√
2
;

(3) x′ = sin t + t + t3x3, x(0) = 0, |t| ≤ 1
2
;

(4) x′ = t2 + e−x2
, x(0) = 0, |t| ≤ 100;

(5) x′ = cos2 t + ln(1 + x2), x(0) = 0, |t| ≤ 100.

2. 576�� ü�ý 9�:
F (t, x) = 0

 �C�¡�� E�F 1�� ü�ý  J( Í 0 ≤ t ≤ 100 ��W�?� Nû7�
(1) F (t, x) = et+x + x + 2t − 1;

(2) F (t, x) = et + sin t − x6 + x − 1.

3.
I;K;� W;X 3.1 �|2;3;9;:;< (E) );* =;> .;0 (1.1) 1 A � �;L � F

�� ��� W�X 3.1 576�� Z7[ 1;ö;÷D¬;£0.;ÿ {ϕm(t)}, � m → +∞ �  Í I0F���+�,�H
4. ( ° F���� W�X ) 3�p0q ü�ý f(t, x) ú F (t, x)

Í
(t, x) }�	�Ø G &�'� 

(
f(t, x) < F (t, x), (t, x) ∈ G. (3.13)

3 (τ, ξ) ∈ G, � x = ϕ(t) ú x = Φ(t)
¾�¿ � =�>7?/@

x′ = f(t, x), x(τ) = ξ,

x′ = F (t, x), x(τ) = ξ (3.14)

1 A  N°�$�1�� � B � ·�� � a < t < b.
�

ϕ(t) < Φ(t), τ < t < b; ϕ(t) > Φ(t), a < t < τ.

5. ( °�� ��� W�X ) � � Á @ �/a�¸ ù (3.13) ��� �
f(t, x) ≤ F (t, x), (t, x) ∈ G,

� x = Φ(t) 	�
 ��� τ ≤ t < b
� � =�>7?|@ (3.14) 1 ����A (

Á Y (3.14) 1
� F�A x = x(t),

� ° Í τ ≤ t < b ��W�?���¹�
 x(t) ≤ Φ(t)); � a < t ≤ τ ��
(3.14) ������� ( ��� (3.14) ������� x = x(t), ����� a < t ≤ τ �������� 
 x(t) ≥ Φ(t)), ���� �!�"

ϕ(t) ≤ Φ(t), τ ≤ t < b; ϕ(t) ≥ Φ(t), a < t ≤ τ.
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8�9 ";:���< t1 ∈ (τ, b) =�> ϕ(t1) > Φ(t1), ? τ0 = sup{t : ϕ(t) = Φ(t), t ∈

[τ, t1]}, � ϕ(τ0) = Φ(τ0), ϕ(t) > Φ(t), τ0 < t ≤ t1. �@< (τ0, ϕ(τ0)) ACB;D
R : |t − τ0| ≤ a, |x − ϕ(τ0)| ≤ b, =@> R ⊂ G. �@�@EGFIH@J n, K x′ =

F (t, x) + 1
n
, x(τ0) = ϕ(τ0) ����L x = Φn(t). ��M�� |t − τ0| ≤ h ������N;O�P

h = min{a, b
M+1

}, M
�

|F (t, x)| � R ������Q���R�ST� |t − τ0| ≤ h ����U�V
{Φn(t)} W�X�Y�Z 3.1 [�\ 4, ��]�^�_�`�a�S

6. bdc�edfdJ f(t, x) � (t, x) gdhdD G idjdNlk (0, 0) ∈ G. mdndodprq�\
x′ = t−

1
2 f(t, x) + 1, x(0) = 0. (3.15)

� (3.15) �d�dStsdu�Nv: f(t, x) � G wdxdydz�{r|~}���Nv� (3.15) �d�d�d�dS
7. ��X�������Z�������������Z�S8d9 "IXd�d����U�V {Fk(t, x)} � R �d�d�d�d� f(t, x), �dkdmdndo�p�q~\

x′ = Fk(t, x), x(τ) = ξ

����S
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