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f(t, x) 7)8)9 G :1;)<)= /1>�?A@CB (E),

(1.1)
,�D�E�F�G�H I 7 JLKNM O P Q R S T U VW7 XAY Z\[ ] ^ _ , D ` a bcCd�e , Y�ZC[�f ,g@CB Jh)i

x = ϕ(t) j)k)l)m (E) 7nY)Z I [ ,)D Jpo)q I 7�r s ,�D x = ϕ̃(t),t , ^�_gY�ZCu Ĩ, Ĩ ⊃ I, Ĩ 6= I, v�7 I [ / ϕ̃(t) = ϕ(t), w�x D x = ϕ(t)y�z
��� , v�{ x = ϕ̃(t) u ϕ(t)

, U�V|��� . o�q�} I 7�~ ] [ � � � , D /�� {
x = ϕ(t) u (E)

,���� � .

])= 0)2)�)�����)� ( � ) �)� ,
�

( � ) �)� ,
�

( � )
�)� ���)x)� /��)� _��������� b J���

5.1 � x = ϕ(t) � (E) � a ≤ t ≤ b �A�\� / x = ψ(t) � (E) �
b ≤ t ≤ c �g�C��J¡  ϕ(b) = ψ(b), ¢

x(t) =







ϕ(t), a ≤ t ≤ b,

ψ(t), b < t ≤ c

� (E) � a ≤ t ≤ c �g�C��J
£ ¤ ¥ ¦ §A¨ 7 t = b © x(t) ª « k l m (E). ¬\u 7 a ≤ t ≤ b [ /

ϕ(t) j (E)
,�D�/¡­�® 7 t = b © / ϕ(t)

,�¯�°�±�I 7�²�� ³ f(b, ϕ(b)). ´g¬
u�7 b ≤ t ≤ c [ / ψ(t) j (E)

,�D�/¡­�® 7 t = b © ψ(t)
,�µ�°�±�I 7�² �

³ f(b, ψ(b)). ¶ x(b) = ϕ(b) = ψ(b), · x(t) 7 t = b © ,�¯�µ�°�± ¸ I 7 ² �
³ f(b, x(b)).

§�¹ J �

i
f(t, x) ³ (t, x) ºgZC9 G :C;�< / x = ϕ0(t) j (E)

, U�V D�/ ^�_ 7
a0 ≤ t ≤ b0 [�JW¬Cu (b0, ϕ0(b0)) ∈ G, ·g» � . 3.1

3�/
(E) ]�^�_�7�8AYWZ

|t− b0| ≤ h1 [ ,�D x = ψ1(t), ª�« ψ1(b0) = ϕ(b0). ¼�½�¾�¿ 5.1, À�Á

ϕ1(t) =







ϕ0(t), a0 ≤ t ≤ b0,

ψ1(t), b0 < t ≤ b0 + h1

j (E)
, U)V D)/ t ^�_ 7 a0 ≤ t ≤ b0 +h1 [ / ¬1v)j D x = ϕ0(t)

, U)V µ)`a JÂrÃV µÃ`Ãa�/Ä� ^)_nY)Z cCÅ ] D), ^�_nY)Z1Æ)Ç�È h1. »É³ (b0+h1, ϕ1(b0+

h1)) ∈ G, Ê�Ë � � . 3.1 ´�Ì�Í b (E)
, ^�_�7�8gY�Z |t− (b0 + h1)| ≤ h2 [,�D

x = ψ2(t), ª�« ψ2(b0 + h1) = ψ1(b0 + h1), Î�v�Í b x = ϕ0(t)
, ´�U�V µ
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ϕ2(t) =







ϕ1(t), a0 ≤ t ≤ b0 + h1,

ψ2(t), b0 + h1 < t ≤ b0 + h1 + h2,t ^�_�7 a0 ≤ t ≤ b0 + h1 + h2 [�JCr�Ï�Í b�,�µ�`�a�/C� ^ _gY Z c\Å ] D�,
^�_gY�ZCÆ�Ç�È h1 + h2. ¶�Ð�O�Ñ ��/ U Ò x Ó / h2 Ì�R c h1 X�J¡T�r�Ô `a)Õ <)})Ö)×�Ø�Ù�f / }�Ú�Û�Ü /�0 2�Ý T�Í b (E)

, U)V µ)Þ)ß�D J1à\¿�Ì�Íb
(E)
, U�V ¯�Þ�ß�D J�T µ Þ ß D ß ¯ Þ ß D ; á â Ó ã Í b (E)

, U�V Þß�D J¡r�U�ä�å / 7 > ?A@CB ,�G H D�æ U ,�ç è Ù } Ú §A¨ Jé��
5.1 � f(t, x) � (t, x) ê)ë1ì G í1î)ï)Jñð)ò�ó�ô�õ (τ, ξ) ∈ G, ö)÷øCù

(E), (1.1) �C��ú�û τ ��ü�ý�ëC����þ õA� / ¢ (E) �Cô�ÿ������������	�
���� ������J£�¤ i
x = ϕ0(t) u (E)

,�
 U�� Þ�ß DW/ ^ _ 7AY Z I0 [ / }�� i t¯�µ�����¸ j�� Þ ß , J���� I0 w�����] ¯�µ���� J i I0 ugY�Z a0 ≤ t ≤ b0,

a0, b0
¸ j ]�� Á J ® β > b0 ��� r s , Á / t � Í x = ϕ0(t) ] U V ^ _ 7

a0 ≤ t ≤ β [ ,)µ)`)a)/ v ® S ��� ­ ])r)s , Á ,���� J ¬Cu (b0, ϕ0(b0)) ∈ G,0�2 Ì���[ +�­ ��k�� Í b x = ϕ0(t)
,�µ�`�a�/ · ��� S }�º�J! b = supS.

¼�½ b
, ^�_ /¡I 7�U�"�#�$�% Æ , bk ∈ S,

� Í lim
k→∞

bk = b. ¼�½ S
, ^�_ /&�' U)V bk,

¸ ] x = ϕ0(t)
, U)V µ)`)a x = ϕk(t),

t ^)_)7 a0 ≤ t ≤ bk [)J
Ë � §2 ^�¿ 2.3, Ì 3

ϕk(t) ≡ ϕk−1(t), b0 ≤ t ≤ bk−1, k = 1, 2, · · · ,
(�) w�] ϕk(bk−1) = ϕk−1(bk−1), ·g»

ϕ(t) =







ϕ0(t), a0 ≤ t ≤ b0,

ϕk(t), bk−1 < t ≤ bk, k = 1, 2, · · ·

^)_ , À)Á ϕ(t) j (E) 7 a0 ≤ t < b [ ,)D J h o x = ϕ(t) *)Ì,+ µ)`)a)/ � b- u)]��)Á)J i x = ψ(t) j t , U)V µ)`�a J � t E�F 7 a0 ≤ t ≤ b [)])^)_ /
² (b, ψ(b)) ∈ G. ³�j I 7 h > 0,

� Í x = ϕ(t) ]�U�V E�F 7 a0 ≤ t ≤ b + h

[�]�^�_ ,�µ�`�a�/ t KNM � j x = ϕ0(t)
,�µ�`�a�/ r�. b

, ^�_�/�0�J\Ì�1
x = ϕ(t) j�U�V µ�Þ�ß�D J

àC¿�Ì § x = ϕ0(t) Ì `�a�2 u ¯�Þ�ß�D J¡^ ¿ § ¹ J �
�3�Þ�ß�D
x = ϕ(t)

, ^�_gY�Z - ^�j U V�4AY Z a < t < b. r�jg¬Cu�o
q)r)VnY)Z , 8�U ����/ c o µ���� j�5 ,�/ � b j)]��)Á / v (b, ϕ(b)) ∈ G, ¬
v x = ϕ(t) w�*�R�+ µ�`�a J
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U)V D })Ö,+ ¯ + µ�`�a�/ ��6�7 j / & � ,�D�8�9 }�Ö�+C9 G

,�:�;
“ <=

”, r�Ô “ < = ”
,�6�7 Ì '�( }Aà , k�� Ó?>�@ J�Ù + , ^ ¿�A M?>�@ , cd�B / ¶ � � ] � Jé��

5.2 � f(t, x) � (t, x) ê)ë1ì G í1î)ï / D � (t, x) ê)ë1õ�C�D)ì /E
D̄ ⊂ G. ¢�F�G�H (E) I�J D KCô�õ�Lg�C��M�N / I�OQP��RO�S 	�
 / ���T�U
D ��V�D�J£ ¤ i

x = ϕ0(t) u (E) W ( D X\8 � , DR8Q9 / ^W_W7 a0 ≤ t ≤ b0

[)J ¥ P)Q,+ µ)`)a�,�Y�Z)/ ¬Cu�+ ¯)`�a�,�Y�Z àC¿�J o�q (b0, ϕ0(b0)) 6∈ D,
�

D�8�9 + µ } ¦ `�a w�[�\ b D
,�:�; J1o�q (b0, ϕ0(b0)) ∈ D,

� ¼�½ §3
� .

3.2,
I 7 h > 0,

� Í (E) ]�^�_�7 |t − b0| ≤ h [ ,�D�8�9 W (�� (b0, ϕ0(b0)).

³ j�� [ + ­ � , k?� ÌWÍ b x = ϕ0(t)
, U V ^ _ 7 a0 ≤ t ≤ b0 + h [ ,µ ` a

x = ϕ1(t). o q (b0 + h, ϕ1(b0 + h)) 6∈ D,
� 0 2 ,^]N, [QW?\ b J�o

q (b0 + h, ϕ1(b0 + h)) ∈ D,
� Ê Ë � §3

� .
3.2, � [ + ­ � k?�W´ ÌWÍ b

x = ϕ0(t)
, U�V µ�`�a�/¡� ^ _AY Z\u a0 ≤ t ≤ b0 + 2h. ��r�Ô�_���`�<�+ µ`)a)/ »1³ D j)] ; 9 / � [ ,���, t a�b)j)] ;),�/ v ' `�a U Ï /�D�8�9�,

^)_nY)Z ¸ Æ�Çgà\U�V�Á h, Ì�1�W)]���c / D�8Q9 - T�d ( D
,�:�; J §)¹ J �h o G e�f)j)U)] ; 9 / � & W�}�Ö `)a�g�,)D�8�9 “ < = ”
:�;),�6�7)/

Ì�>�@ ,�h�i�j J i x = ϕ(t) j (E)
,�
 U D�/\® ρ(t) ��� & � ,�D�8�9 [ �

(t, ϕ(t)) . ∂G
,�k�l

( ^�_�1 §3
� .

3.2
§g¨ X , «�Ñ ).é��

5.3 � G � (t, x) ê�ëCõ�C�D�ì / f(t, x) ú G íCî�ï�J¡ó�� (E) �
ô)õ����)� x = ϕ(t),  �m�n)úný)ë � a < t < b, ¢�o t→ b− � t→ a+ p ��C

lim ρ(t) = 0. (5.1)

£Ã¤ ¥ PÃQ t→ b−
,qYqZÃ/sr U Y�Z àC¿)J ��t § �)J h o (5.1)

6
t→ b−

=�} 2�u�/¡��I 7�%�Æ�v 6 ³ b
,�w�x

{tk}
ß�y Á ρ0,

� Í
ρ(tk) ≥ ρ0, k = 1, 2, . · · · . (5.2)

¬Cu G j�] ; 9 / · b u�]���Á / ² {ϕ(tk)} ] ; JQ��z � Å ��/ {ϕ(tk)}

X - I 7�{�|�} w�x�/ }�� i w j {ϕ(tk)} e�f�J! 
lim
k→∞

ϕ(tk) = x0. (5.3)

» (5.2) Ì 3�/ (b, x0) ∈ G.

Ù + ×�U�c §g¨ 5
lim
t→b−

ϕ(t) = x0. (5.4)

3
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h o)r)U � Í b §n¨ / ��D x = ϕ(t) *)R,+ µ)`)a ( ~��n» (E)

ß
(5.4)

3 dϕ(b−)
dtI 7)²)�)³ f(b, ϕ(b−)), · x = ϕ(t) + µ Ì `)a)b t = b,

� Í ϕ(b) = x0. ×)vn¬
u (b, x0) ∈ G,

D *�R�+ µ�`�a ), v�. t j Þ�ß�D�, h�i /�0 J¡r U�/�0 � ¨ 56
t→ b− = (5.1)

- 2�u J�
δ > 0 � 6 X /¡� Í

R : |t− b| ≤ δ, |x− x0| ≤ δ

��³ G :CJ
u § (5.4),

¥�¦�§g¨ 5¡I 7 k0,
� Í 6 k ≥ k0 = /

|ϕ(t) − x0| < δ, tk ≤ t < b. (5.5)

r�jg¬Cu ¥ O §g¨ È�r�U � / w ]
|ϕ(t) − ϕ(tk)| ≤

∫ t

tk

|f(τ, ϕ(τ))|dτ ≤M(t− tk), tk ≤ t < b,

� X M = max
(t,x)∈R

|f(t, x)|, vg»���� (5.3) ã�Ì ��� (5.4)

u § (5.5),
0�2 �

k0,
� Í

b− tk <
δ

2(M + 1)
, |ϕ(tk) − x0| <

δ

2
, k ≥ k0. (5.6)

¬1u tk → b−, �)²,[ §n¨ (5.3), r)s , k0

I 7)J h o (5.5) } 2�u)/ � tk ≤ t < b

[�] t
? R � |ϕ(t) − x0| ≥ δ.

®
ξ ��� r�Ô t

?�, Ù�Û ; J ��� M
|ϕ(t) − x0| < δ, tk ≤ t < ξ, (5.7)

|ϕ(ξ) − x0| = δ. (5.8)

³�j�U�k +�/ » (5.6)
,�g U�� ß (5.8),

&
k ≥ k0, ]

|ϕ(ξ) − ϕ(tk)| ≥ |ϕ(ξ) − x0| − |x0 − ϕ(tk)| >
δ

2
.

¶ r U�k +�/ » (5.7)

|ϕ(ξ) − ϕ(tk)| ≤

∫ ξ

tk

|f(τ, ϕ(τ))|dτ ≤M(ξ − tk),

Î�vg» (5.6)
,�* U�� 3�/ & k ≥ k0, ]

|ϕ(ξ) − ϕ(tk)| < M ·
δ

2(M + 1)
<
δ

2
.

r�U�/�0�w � ¨ 5 & k ≥ k0, (5.5)
- 2�u J¡^�¿ §�¹ J �

4
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5.2 ª (t, x) «�¬®­�¯�° G, ±�²�³�´¶µ®·�¸�° Dk, k = 1, 2, · · · , ¹�º
D̄k ⊂ Dk+1,

+∞
⋃

k=1

Dk = G. (5.9)

»�¼ ½
G
��¾�¿

(t, x) À�Á ��Â�¦ ����Ã �ÅÄÅÆ�ÇÅ¢Å£Å�ÉÈ�ÊÅËÅÌ Dk = Bk(0), Í�Î�Ï�Ð ¤��
Br(P ) Ñ�Ò (t, x) À�Á�Ó�Ð P

� Ó�Ô � r
��Õ�Ö ��×�Ø�§Ù�Ú

G Û � ¾�¿ (t, x) À�Á §�Ü�� G
��Ý �

∂G Û � À�Þ § Ð rP Ñ�Ò�ß P à G
��Ý �

∂G
�á�â ��ã

rP = inf
Q∈∂G

‖P − Q‖. ä G åçæ Ì � ß P0, è�é D1 = BrP0
/2. ê�ë D̄1 ⊂ G, ì�Í�í�æ�î

Q ∈ ∂D1, ï�ð rQ > 0. é D2 = D1

⋃ ⋃

Q∈∂D1

BrQ/2(Q). ê�ë D2
��� ¿ ð ��� ��ñ D̄1 ⊂ D2, D̄2 ⊂ G.ò é D3 = D2

⋃ ⋃

Q∈∂D2

BrQ/2(Q).
Ê Í�ó�ô ��õ ¤�ö����Å �÷ÅøÅù �ûú ð �Å� Dk, k = 1, 2, · · · . ü�ý

Dk, k = 1, 2, · · · ��þ�ÿ�����÷������� ���� (5.9) Ó ������§ ¤�¥�¢�£��� ������ (5.9) Ó ������§ � Í �	�
 ¢���§ Ù�Ú
G̃ =

+∞
⋃

k=1

Dk 6= G,

Â
� ä�ß P1 ∈ G \ G̃. ì � G
�
�
������� Ð � ä �
����� P0 à P1 �
� Ü G

�
� ô���� L. � Ü
P0 ∈ G̃, P1 6∈ G̃, ����� L �� �ð�ß Q0 ∈ ∂G̃. í�æ�î�!�"�# δ, ä Q0

�
δ $ � å�%�ð G̃ & � ß ��' �ð�( ¿ Dk & � ß (k

��) !�*�+�, δ), -�.�/�0�1�2 Pk. 3�, Pk ∈ Dk, Q0 6∈ Dk( 4�2 Q0 ∈ ∂G̃), 5�6
Pk 7 6 Q0 8�9�:�;�<�= ∂Dk ;�8 6�>�1�2 Qk. 3 rQk 8�?�@�A > <�= Q ∈ ∂G, B�C

rQk
> ‖Qk −Q‖ − δ.

3�D�E
‖Q0 −Q‖ ≥ rQ0

, ‖Qk −Q‖ ≥ ‖Q0 −Q‖ − ‖Qk −Q0‖

C�F

rQk
> rQ0

− 2δ.

G
H . δ <
rQ0

6
, I rQ0

> 6δ, J rQk
> 4δ,

'
K
B2δ(Qk) ⊂ BrQk

/2(Qk). L
4
2 Qk ∈ Bδ(Q0),
G

M
‖Q0 − P‖ < δ N
> = ‖Qk − P‖ ≤ ‖Qk − Q0‖ + ‖Q0 − P‖ ≤ 2δ, I Bδ(Q0) ⊂ B2δ(Qk). 4
D
OP = Bδ(Q0) ⊂ BrQk

/2(Qk). Q
R
0
S
T
>�U
V Dk 8
W
X S
Y
>�Z = BrQk
/2(Qk) ⊂ Dk+1 ⊂ G̃,

'
K
Bδ(Q0) ⊂ G̃,

K 7 Q0 ∈ ∂G̃ [�\�]�^�0�[�\�_�` (5.9) 8�a�b Y <�c�d ]�e
f�g
h
] �

i�j e�f 5.2, O P�k�l�m�n ? f 5.1 o�p�q�r�>�I�5 “ 0�s�t�u�v ” g�`�w�x�y 8�z 5�{
]|�}
5.4 ~ f(t, x) � (t, x) ������� G ������]�� (E) ���������������
�
�
���
� (E) �����

��]
��� �

x = ϕ0(t) 2 (E) 8 -�0���w�x�y�> ?�@ 5��
� I0 ; ]���� � I0 ��=�� ��� a0 ≤ t ≤ b0.

U�V�e�f 5.2, z 5�0�� =���  Dk, k = 1, 2, · · · , B�C (5.9) c�d ]¡3�, M a0 ≤ t ≤ b0 N�> (t, ϕ0(t)) ∈
G, U�V Dk, k = 1, 2, · · · 8 {�¢�>�£�¤ M a0 ≤ t ≤ b0 N�> (t, ϕ0(t)) <�¥ ,�(�¦ Dk0

&�]���� � k0 = 1.

3�, (b0, ϕ0(b0)) ∈ D1, U
V ? f 5.2, O P
m
n 5 a0 ≤ t ≤ b0 ;
=
?
@
8 y x = ϕ0(t) §�¨
©
ª K C
F
x = ϕ1(t), « ?�@ 5���� a0 ≤ t ≤ b1 ; >­¬�® M a0 ≤ t ≤ b1 N�> (t, ϕ1(t)) ∈ D1,

K
(b1, ϕ1(b1)) ∈ ∂D1.

3�, D̄1 ⊂ D2, O P = (b1, ϕ1(b1)) ∈ D2. , ��¯ i�j ? f 5.2, L m�n y x = ϕ1(t) §�¨�©�ª K C�F�5
�
� a0 ≤ t ≤ b2 ;�=�?�@�8 y x = ϕ2(t), ¬�® M a0 ≤ t ≤ b2 N�> (t, ϕ2(t)) ∈ D2,

K
(b2, ϕ2(b2)) ∈ ∂D2.

0
s
°
±
>�²
³�´�µ
¶�§�¨
©
ª�C
F ?
@ 5 a0 ≤ t ≤ bm ;
8 y x = ϕm(t), ¬
® M a0 ≤ t ≤ bm N
>
(t, ϕm(t)) ∈ Dm,

K
(bm, ϕm(bm)) ∈ ∂Dm, J�3�, D̄m ⊂ Dm+1, O P = (bm, ϕm(bm)) ∈ Dm+1. , � 3
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? f 5.2 A >�L m�n y x = ϕm(t) §�¨�©�ª K C�F ?
@ 5
�
� a0 ≤ t ≤ bm+1 ;�8 y x = ϕm+1(t), ¬�®M
a0 ≤ t ≤ bm+1 N
> (t, ϕm+1(t)) ∈ Dm+1,

K
(bm+1, ϕm+1(bm+1)) ∈ ∂Dm+1. ^
Å
>�Æ
C
F
0��Çy

x = ϕk(t), k = 1, 2, · · · , / ?�@ ����2 a0 ≤ t ≤ bk, ¬�® bk È k
K�É�) ] � lim

k→+∞

bk = b, b
m p � +∞.

3

ϕ(t) =







ϕ0(t), a0 ≤ t ≤ b0,

ϕk(t), bk−1 < t ≤ bk, k = 1, 2, · · ·

?�@�8�Ê�Ë x = ϕ(t) Æ � x = ϕ0(t) 8 ¨�w�x�y�]Ì»Í ; >Î²»³ x = ϕ(t) 8»?»@ �»�»2 a0 ≤ t ≤ b, Q»Ï»ÐÑ§Ò¨»©»ª»>ÎJ b <»Ó 2 =»�»Ë ] � x = ψ(t) � «
8 0»¦»¨»©»ª»>ÔJ»«»Õ�Ö»5 a0 ≤ t ≤ b ;»=»?»@ >Ô® (b, ψ(b)) ∈ G,

'»K =Ñ×ÒÓ»Ë m0 , B»C (b, ψ(b)) ∈ Dm0
.Ø�Ù F |f(t, ψ(t))| , a0 ≤ t ≤ b ;�=�� > '

ψ(b) = ψ(bk) +

∫ b

bk

f(t, ψ(t))dt = ϕ(bk) +

∫ b

bk

f(t, ψ(t))dt

Ú A > M k → +∞ N�> (bk, ϕ(bk)) → (b, ψ(b)). 3�, (b, ψ(b)) ∈ Dm0
,
G M

k Û ¼�) N�> (bk, ϕk(bk)) =

(bk, ψ(bk)) ∈ Dm0
. Ó K M k > m0 N
> = (bk, ϕk(bk)) ∈ ∂Dk 6∈ Dm0

. ^
0
[
\ Ú _
` x = ϕ(t) Ü
Ý
x = ϕ0(t) 8 ¨�w�x�y�]Þ f m p�g�`�ß x = ϕ0(t)

m §�à�©�ª K c à�w
x
y�] ? f
g�h
] �

i�j e�f 5.2, O P Ï m p�C�F�á�â
y 8 ©
ª�{
ã�ä ? f 5.2 å�2�æ�ç�x�è�é 8�ê ³
]|�}
5.5 ~ f(t, x) � (t, x) �»�Ò�»� G �Ò�»�»> x = ϕ(t) ë (E) �»�»�»�»>Ôì»í»îÑï��Ò� a < t < b.

ð
Dk, k = 1, 2, · · · �
ñ
ò
ó
ô D̄k ⊂ Dk+1,

∞
⋃

k=1

Dk = G �
õ�öÇò
÷
�
]���ø t → a+ � t → b− ù >
(t, ϕ(t)) ú�û�ü�ý�î�û�þ
� G ��ÿ�÷ ∂G: ����������� k, ����ú�	�� ak � bk, 
���ø a < t ≤ ak �
bk ≤ t < b ù > (t, ϕ(t)) 6∈ Dk.

��� � ² b = +∞, J�3�, Dk ��=���8 > Dk & 8 6 8 t 
�� =�� >Ò. bk 2�« 8 0�¦ ;�� >�� ÓM
bk ≤ t < b N Ú = (t, ϕ(t)) 6∈ Dk.�

b 2 =���Ë ]�1 Mk 2 |f(t, x)| 5 D̄k+1 ;�8 0�¦ ;�� > ρk 2 ∂Dk 7 ∂Dk+1 8���� ] 3Ç,
D̄k ⊂ Dk+1, O P = ρk > 0. ��. bk, B�C

max

{

a, b− ρk

Mk + 1

}

< bk < b.

J M bk ≤ t < b N�> <�= (t, ϕ(t)) 6∈ Dk.
Ì�Í ; > � ²�� Ó > � t1 ∈ [bk, b), B�C (t1, ϕ(t1)) ∈ Dk, J�3

? f 5.2 A > <�= t2 ∈ (t1, b), B�C

(t2, ϕ(t2)) ∈ ∂Dk+1; (t, ϕ(t)) ∈ Dk+1, t1 ≤ t ≤ t2.

'�K q���[�\�Y
ρk ≤ d((t2, ϕ(t2)), (t1, ϕ(t1))) ≤ |ϕ(t2) − ϕ(t1)| + |t2 − t1|

=

∣

∣

∣

∣

∫ t2

t1

f(t, ϕ(t))dt

∣

∣

∣

∣

+ |t2 − t1|

≤ (Mk + 1)(t2 − t1) < (Mk + 1)(b− bk) ≤ ρk.

Þ f m g�> z 5 ¸ Ë ak, B�C M a < t ≤ ak N�> (t, ϕ(t)) 6∈ Dk. ? f�����g�h�] �

6
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1. ����� §3 �! 1 "�#�$!%!&! !'!(!)!*!+!,!-!.!/ t 0!#�1!2!3! !'!(!4!5!+!,!-
.!/ t 0!6

2. ��� §3 �! 2 7!8!9!:!;!<!=!#?>!4!+!,!- 0 ≤ t < +∞.

3. ����@BA!C f(t, x) - (t, x) D!E!F!G!H!I!J G0 K!L #BM!N!O!P (E) :!Q!R!S!T!(!#U!V �!W!E!>!X!I!W!E!6
4. Y f(t, x) Z![]\!<!=!#?-!^!_!J G : a < t < b, |x| < +∞ K!L # (τ, ξ) ∈ G. ����@`

x = ϕ(t) T x = ψ(t) a!Z!b!c!d! 
x′ = f(t, x), x(τ) = ξ (5.10)

:!(!#?e!- a < t < b G!9!f!#?g ϕ(t) ≤ ψ(t), M!J G '!h!- x = ϕ(t) T x = ψ(t) E!:!ij #?k (5.10) :!(!7!l!m!6
5. Y f(t, x) Zn[!\n<n=n#o- (t, x) pnq KnL 6o�r�s@otnQnu τ , vnw ξ xnyn&n#obncndn 

x′ = (x2 − e2t)f(t, x), x(τ) = ξ

:!(!>!4!+!,!- τ ≤ t < +∞.

6. z!{!|!}!b!c!d! !:!S!T!(
x′ = 2t

√

1 − x2, x(0) = 0.

7. Y ξ > 0, ~!{!|!}!b!c!d! !S!T!(!: V �!W!E

x′ =
1

t2 + x2
, x(0) = ξ.

5.2 �!�!�!�!�!�!� *

���
G � 3�����Y

T0 < t < T1, |x| < +∞

Ü ?�8�  > f(t, x) 5 G � 9�� ]�U�V�©�ª ? fB�
£
g
`
>�S
½B� (E) 8 -�0�w�x�y x = ϕ(t), ²�³�« �
=���8 >�I z 5 ¸ Ë C, B�C |ϕ(t)| ≤ C, J x = ϕ(t) 8�z 5���� <���� ¦ T0 < t < T1.

Ì�Í ; >o��- Ù��� Ë δ, �   D : T0 + δ < t < T1 − δ, |x| < 2C
j ? f 5.2

Ú A >�y?� : x = ϕ(t) à�¨�� m�� F D 8� � >�Q�3�, |ϕ(t)| ≤ C, «
� m Ð � F |x| = 2C,
G < mB� F t = T0 + δ x t = T1 − δ, I
y x = ϕ(t)

Õ�Ö�5 T0 + δ < t < T1 − δ ;�=�?�@ ]�^�N
O P ±
S
½B� (E) z 5 ��� y�]�v�TB�
Ä
5B�B�B�B�
v
S
½
� (E) z 5 ��� y�]k�l ��£�g�`|�}

5.6
ð
f(t, x) ú�� G : T0 < t < T1, |x| < +∞ ������>o�

|f(t, x)| ≤ N |x| +B, (5.11)

ì?� N,B ë�	���>�� (E) ����������� x = ϕ(t) ��ú T0 < t < T1 ����ú�]
��� �

ϕ(t) = (ϕ1(t), · · · , ϕn(t)) 8�z 5�����2 a < t < b. ��g�` a = T0, b = T1.
� ²�� Ó > ä

² b < T1, J b < 2 =���Ë ]�O P °
g
`
ß ϕ(t) 5 t0 ≤ t < b, t0 ∈ (a, b) ;�=�� ] � ²�^�0
6
C
FB�
g
`�>�J�U�V ? f 5.2, ϕ(t) ��L�Z���5 t0 ≤ t < T1 ;�=�?�@ >�^ 7 b < T1 8 ��� [�\�]

7
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  5 � x = ϕ(t) 5 t0 ≤ t < b ;�¡�� ]o¢

r(t) =

(

n
∑

i=1

ϕ
2
i (t)

) 1

2

.

� Ó r(t) 5 a ≤ t < b ;�9�� >¡®�5�/���2�£ 8 6B¤ 9B� m º ] 4
2 ϕ(t) 5 t0 ≤ t < b ;�¡�� >¦¥�p���-Ù � Ë K > r(t0)+1, � = tk, t0 < tk < b, B�C r(tk) ≥ K. U�V r(t) 8�9�� {�> <�z 5 τk, t0 < τk < tk,

B�C r(τk) = r(t0) + 1,
K ®�B�C r(t) > 0, τk ≤ t ≤ tk. 5 τk ≤ t ≤ tk ;�§�¨ dr(t)

dt
, O P =

dr(t)

dt
≤ |f(t, ϕ(t))|. (5.12)

U�V (5.11), 3�D�C�F
dr(t)

dt
≤ N |ϕ(t)| +B ≤ N

√
nr(t) +B, τk ≤ t ≤ tk. (5.13)

©
τk F tk ª ¼ ; Y�C�F

ln(N
√
nr(tk) +B) − ln(N

√
nr(τk) +B) ≤ N

√
n(tk − τk) ≤ N

√
n(b− t0).

3�, r(tk) ≥ K,
K
K
m - Ù ) > G à�« m - Ù ) > K ¨�«�J �
=���8 >�^�� m Ð
] ^�0
[�\�_
` x = ϕ(t)

5 t0 ≤ t < b ;�=�� ] ? f�, � C
FB�
g
`�] �

? f 5.6 ¬ 8 ��� (5.11)
m p�q�r c ß

|f(t, x)| ≤ G(‖x‖), (t, x) ∈ G, (5.14)

/�¬ G(s) 5 s ≥ 0 ;�9�� > M s > 0 N�> G(s) > 0, ®
∫ +∞

s0

ds

G(s)
= +∞, s0 > 0. (5.15)

|�}
5.7

ð
f(t, x) ú G ��������­�®�¯�° (5.14), (5.15), ��±�²�³ (E) ����������� x = ϕ(t) �

ú T0 < t < T1 ��ú�]
��� 7 ? f 5.6 ´�µ�>o¶ � 5�· ? f 8 ���
v
> 3 (5.12) C�F 8 � � (5.13),

K �
dr(t)

dt
≤ G(r(t)), τk ≤ t ≤ tk.

ª ¼ ; Y�O P C�F
∫ r(tk)

r(τk)

ds

G(s)
≤ tk − τk ≤ b− t0.

3�D i�j ��� (5.15) Æ m e���[�\�] �

� �

1.
�
f(t, x) � §¹¸ Ê�Ë >�, R

1 × R
n 9�� >�¬�® f(t, x) =�� ]�J�S�½ (E) 8�º�»�¼�½�8�¾ ¦
yB¿

, � ¦ t À z 5�]
2.
�
f(t, x) � §¹¸ Ê�Ë >�, R

1 × R
n 9�� >�¬�® |f(t, x)| ≤ A(t)|x|+B(t), /�¬ A(t) x B(t) ¿�2

, R
1 9���8 ��Á Ê�Ë ]�J
S
½ (E) 8�º�»�¼�½�8�¾ ¦
y�¿
, � ¦ t À z 5�]
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