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#�$
f(t, x) % (t, x) &('*)�+ G ,*-�.�/10�2�3�4�5�6�7(8:9�;"<1="> §2?�@

2.1 A §5 B�C 5.1, D�E�F (τ, ξ) ∈ G, G�H�I (E) 5�6�J�K�9"; x(τ) = ξ

)�L�A�M�N�%�/PO�0�Q"R�F")�<TS"U"V�W"X"Y�Z
x = ϕ(t, τ, ξ).

$ X�)�N�%([�'*Z (a(τ, ξ), b(τ, ξ)). \�]�X�^�Q
S : t ∈ (a(τ, ξ), b(τ, ξ)), (τ, ξ) ∈ G (6.1)

_ ) n+ 2 `(a*b�c�d�<Pe�f�g x Q�h�b�i�/PJ�K(j*k
x′ = x, x(τ) = ξ

)�M
x = ξet−τ

^�Q t, τ, ξ l�m�n�o�b�)�c�d�<p�q
6.1 r f(t, x) s (t, x) tvuvw1x G y1zv{v/}|�~��"�����"�(���:��<�

x = ψ(t) � (E) w:�"�"�"/P� α ≤ t ≤ β �"�"�"���"u"w:�"�"�"���P���
u*/��*��� δ > 0, ���(�

α ≤ τ ≤ β, |ξ − ψ(τ)| ≤ δ

� / (E) w1�v�v� x = ϕ(t, τ, ξ) �¡ 1� α ≤ t ≤ β ¢v�v£v¤v/P¥*|�¦ (t, τ, ξ) �
�*x

V : α ≤ t ≤ β, α ≤ τ ≤ β, |ξ − ψ(τ)| ≤ δ

¢(w*z�{�§�¨�<
lvnvBvCv© @ %�C @ _ A�ª�« _"¬�­�®�¯"°�± <}S�U�²�³"/´%�ª"« _ /}µ�¶

GvHv·v¸v¹vºv»�C�¼"H�<½W�F�n�»�C(j*k�¾"¿�µ�¶�G�H�)�J�K(j*k�i"/½J�K�9�;
QvÀv¼vÁvbvÂvB�)�/½O"Á�b�Ã�Ä�Å�Æ�Ç�È�D"É�Â�< # f�J�K�)�µ�Ê�Ë"Ì�Í�Î�Ï�Ð
Dvªv)vMvÑvÒv)�o�Ó"/½\�]�Ô�Õ�Ö�)�J�K(j:k�)�M�×�«�Ø�K�Ù�Ú�Ñ�Ê"< ­�Û�_�Ü
)�B�C�/Pl�º�Ý�Þ�Ù�Ã"Ú�ß"à Û <

B�C 6.1 )�Ç(á ¶�m�â�ã�ä�å
1. æ�ç�è(é*åPg δ1 > 0 ê�¶�Ê�i�/�ë*+

U : α ≤ t ≤ β, |x− ψ(t)| ≤ δ1

ì�í
G ,*/P0 f(t, x)

í
U
_ 5�6�7(8*9�;�<
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î × _ /ðï í�ñ ¶(ò*ó�ô (t, ψ(t)), t ∈ [α, β] Q G ,1F ­võ ë1ö�/½X�÷ G )ø�õ )�ù�ú�Q�F"n"û"d"/ýüPþ"ÿ ¯�� δ1 > 0 6���Ê�/PÙ�Ä�� U ⊂ G, 0(ï í U

Q G �*) ­�õ ë*+�/P=�> ­������ B"C"Ù�²"/ f(t, x)
í
U
_ 5�6�7(8*9�;�<

2. Z Û Ç(á*B�C 6.1, S�U�«�	�â�
����"<TS"U�
��"Ä"Ç�á:åTg δ > 0 ��g
Ê�i�/ x = ϕ(t, τ, ξ) Q(ë*+ V

_ ¹�F��*-�.�c�d�)�F���� � <TÇ�á*)����"H��
÷ §2 F���/PÔ�Ã��*)�ÿ�Q��������")�� � <Tl�� � �������"Z

ϕ0(t, τ, ξ) = ξ − ψ(τ) + ψ(t).

Î������(ï

ϕk(t, τ, ξ) = ξ +

∫ t

τ

f(s, ϕk−1(s, τ, ξ))ds, k = 1, 2, · · · (6.2)

Â�B k ����� ϕk(t, τ, ξ).
�

δ > 0, ��Ö
δ < e−N(β−α)δ1,

 � N Z f(t, x) % U
_ )v7¡8"!vd�< S�U�#�Ç(á*å D�Ô ­ k A (t, τ, ξ) ∈ V ,

­
(t, ϕk(t, τ, ξ)) ∈ U , ϕk(t, τ, ξ) -�.�/P0

|ϕk+1(t, τ, ξ) − ϕk(t, τ, ξ)| ≤ δ ·
Nk+1|t− τ |k+1

(k + 1)!
. (6.3)

î × _ / ϕ0(t, τ, ξ) $�Î í V
_�­ B ± 0�-�.�<Pg (t, τ, ξ) ∈ V i�/�ï

|ϕ0(t, τ, ξ) − ψ(t)| = |ξ − ψ(τ)| ≤ δ < δ1

² (t, ϕ0(t, τ, ξ)) ∈ U . ï (6.2) ²�/ ϕ1(t, τ, ξ) %�% V
_�­ B ± 0ý- .ý<Tg

(t, τ, ξ) ∈ V i�/'& °�( x = ψ(t) 5�6 ñ ¶�G�H�I

ψ(t) = ψ(τ) +

∫ t

τ

f(s, ψ(s))ds,

Ù�Ö (

|ϕ1(t, τ, ξ) − ϕ0(t, τ, ξ)| =

∣

∣

∣

∣

∫ t

τ

(f(s, ϕ0(s, τ, ξ)) − f(s, ψ(s)))ds

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ t

τ

N |ϕ0(s, τ, ξ) − ψ(s)|ds

∣

∣

∣

∣

≤ δN |t− τ |.

Å�)�S�U�Ç(á Û g k = 0 i ¯ Ç(á*)�* @ ¿�+�<
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#v$ _ ¸,* @ g k = 1, 2, · · · , m−1 iv¿,+v/.- ϕk(t, τ, ξ) % V

_v­ B ± / -
.v0 (6.3) ¿,+v< í Qv/ ï í ϕm−1(t, τ, ξ) % V

_v­ B ± / -v.v0 (t, ϕm−1(t, τ, ξ))

∈ U , ü*þ ϕm(t, τ, ξ) %�% V
_�­ B ± /P-�.�/P0�ï

|ϕm(t, τ, ξ) − ψ(t)| =

∣

∣

∣

∣

∣

m
∑

k=1

(ϕk(t, τ, ξ) − ϕk−1(t, τ, ξ)) + ϕ0(t, τ, ξ) − ψ(t)

∣

∣

∣

∣

∣

≤

m
∑

k=0

δ ·
Nk|t− τ |k

k!
≤ δeN |t−τ | < δ1

² (t, ϕm(t, τ, ξ)) ∈ U . ï (6.2) ² / ϕm+1(t, τ, ξ) % % V
_ ­ B ± / 0vg (t, τ, ξ) ∈

V i�/
|ϕm+1(t, τ, ξ) − ϕm(t, τ, ξ)| =

∣

∣

∣

∣

∫ t

τ

(f(s, ϕm(s, τ, ξ)) − f(s, ϕm−1(s, τ, ξ)))ds

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ t

τ

N |ϕm(s, τ, ξ) − ϕm−1(s, τ, ξ)|ds

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ t

τ

δ ·
Nm+1|s− τ |m

m!
ds

∣

∣

∣

∣

= δ ·
Nm+1|t− τ |m+1

(m+ 1)!
.

l,/¡á1g k = m iv/ ¯ Ç¡á1)�* @ %�¿�+�<*ü*þ�/10�2�3��"/ _ ¸�* @ D"E °54
Î�d k 6�¿�+�<

3. ï (6.3) 7,8v/9�,: {ϕk(t, τ, ξ)}
í
V
_ F,�,;,<�/  � � c"d ψ(t, τ, ξ)4 Î�Q V

_ )�-�.�c�d�<P% (6.2) �>= k → ∞, ^�Ö
ψ(t, τ, ξ) ≡ ξ +

∫ t

τ

f(s, ψ(s, τ, ξ))ds.

ü*þ�/ x = ψ(t, τ, ξ) ?�Z t )�c�d�Q�G�H�I (E) 5�6�@�B�J�K�9�; x(τ) = ξ )
M�<�ï*R�F�A�²�ª ­

ψ(t, τ, ξ) ≡ ϕ(t, τ, ξ), (t, τ, ξ) ∈ V.

B�C í Q�Ö (�Û Ç(á*<B�C
6.1 r f(t, x) s (t, x) tvuvw1x G y1zv{v/}|�~��"�����"�(���:��<�

(E) w*� x = ϕ(t, τ0, ξ0) �����(����u α ≤ t ≤ β ¢���£�¤�/ τ0 ∈ (α, β), �
� (τ, ξ) D (τ0, ξ0) EGFIHKJ

� /P� x = ϕ(t, τ, ξ) L"���"u α ≤ t ≤ β ¢"�"£
¤�/P|�¦ α ≤ t ≤ β ��M����

lim
(τ,ξ)→(τ0,ξ0)

ϕ(t, τ, ξ) = ϕ(t, τ0, ξ0).

3
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B�C

6.2
�

f(t, x) s (t, x) tvuvw1x G y1zv{v/}|�~��"�����"�(���:��/
� (E) w*� x = ϕ(t, τ, ξ) N�O t, τ, ξ w*§�¨�/P��P (6.1) Q5R*w S ¢�z�{�<'ST / S � (t, τ, ξ) t�u�w>U�V�<?�@

6.1 Q�$�Î�)�<'W Ü Ç(á ?�@ 6.2.$
(t0, τ0, ξ0) Q S �*E ° F�X"<KY�Z (E) )�5�6�J�K�9�; x(τ0) = ξ0 )�L

A"M x = ϕ(t, τ0, ξ0).
í Q"N"% ­�� ë�[�' α ≤ t ≤ β, �"Ö t0, τ0 ∈ (α, β) 0

ϕ(t, τ0, ξ0) % α ≤ t ≤ β
_�­ B ± <:=�>�B�C 6.1, N�% δ > 0, ��Ö x = ϕ(t, τ, ξ)í ë*+

V : α ≤ t ≤ β, α ≤ τ ≤ β, |ξ − ϕ(τ, τ0, ξ0)| ≤ δ
_ - . /\[^] Ù�% (t0, τ0, ξ0) _ - . < ï þ`�1i,a�V,b¡é1/ (t0 , τ0, ξ0) Q S ) ,cX /
- (t0, τ0, ξ0) ) ê ¶ Ê^dv+¡,*E,e�X (t̃0, τ̃0, ξ̃)

¬ % S � < l Q ü1Zvg (t̃0, τ̃0, ξ̃) ê
¶,f,� (t0, τ0, ξ0) iv/½SvU ­ α ≤ τ̃0 ≤ β( & ° τ0 ∈ (α, β)), |ξ̃−ϕ(τ̃0, τ0, ξ0)| ≤ δ,g

ϕ(t, τ̃0, ξ̃) h�i"% α ≤ t ≤ β
_"­ B ± /'- [α, β] ⊂ (a(τ̃0, ξ̃), b(τ̃0, ξ̃)). j"O

t̃0 ∈ (a(τ̃0, ξ̃), b(τ̃0, ξ̃))( &
°
t0 ∈ (α, β)). l^k á ê ¶^f,� (t0, τ0, ξ0) )^X (t̃0, τ̃0, ξ̃)¬ % S �*< ?�@ í Q�Ö (�Û Ç�á:<

W Ü�l�m�ì�n b λ )�G�H�I
dx

dt
= f(t, x, λ), (E)λ

 � λ Q m o(a*b�<PD í�p n�@"B") λ, (E)λ Ù�Q�q>r l�m ¼")"G�H"I"<Ks"Q
g n b λ ovÓviv/ GvH"I (E)λ ),*,tvßvà�o�¾�/cu�ª")�M�%�W�v�w�ß"à�o"¾�<m Í (E)λ )vMvf,e,x λ )vov¾vOvo�¾"/ l�n(j*k"%�ª"« _ % ­ w ®�¯"°�± < ü
Z�%(ï*µ�¶"G"H�Ô"·"¸�)"×zy�{�|}�:/ n b λ !�!�/�~�¹"º��".z����üG��)��� / Ovlvº,� �,����� ©���É�Â�4�Á�b(é>#�< # f n b λ )vµvÊvËvÌvÏvÐ�D�ª�M
),$,�vov¾v/ \�]�Ô�Õ�Ö")�M�Ù�Ã�Ä�����4�·�¸"Ô l�m )�����/ ü*O�%�Ù�� ­��
Ò�Ø�K�<$

G Z (t, x) &('�,*¹�+�/ D Z λ &('�,*¹�+�< #�$ f(t, x, λ) %
G×D : (t, x) ∈ G, λ ∈ D

,1-v.v/ 0vD (x, λ) 5v6v7¡819v;�< í Q�=">�N�%�÷�R"F�A�B�C�/ D p F λ ∈ D,

GvHvI (E)λ )vM ¬ ï1JvK (τ, ξ) RvFvÂvBv< l�M�ª�Y"Z x = ϕ(t, τ, ξ, λ). A,� Ü
F���/PS�U #�$ l�n�M"Q�L"A�)"<p�q

6.2 r f(t, x, λ) s"x G × D y:z"{"/P|"¦ (x, λ) ~"���"�"�"���"�
�v< � x = ψ(t) � (E)λ0

, λ0 ∈ D w1�v�v�v/ α ≤ t ≤ β �v�v�v�¡��u"w*���"�
�(�*�(��u*/��*��� δ > 0, ��� x = ϕ(t, τ, ξ, λ) s(�*x

V : α ≤ t ≤ β, α ≤ τ ≤ β, |ξ − ψ(τ)| + |λ− λ0| ≤ δ

4
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¢���£�¤�|�z�{�<
��� ÿ���W�B�C 6.1 « í G�H�I







dx
dt

= f(t, x, µ),
dµ

dt
= 0.

(6.4)

% (6.4) �*/ µ Q�?�Z���²�c�d(éG�")�<T=">"S"U�) #"$ / (6.4) ����)�c�d�%
G×D ,1-v.v/ð0�D (x, µ) 2v3�4v5v6v7(8:9�;"< ü*þ�B"C 6.1 V,�v«v<���& °
(6.4) )(ï*J�K (τ, ξ, λ) Â�B�)�M�$�Î�Ù�Q x = ϕ(t, τ, ξ, µ), µ = λ, O�u�g í B�C
6.1 �*)�[���M x = ψ(t) )�/'��%�Q x = ψ(t), λ = λ0. V�8���B�C�)�* @ Q"¿
+�)�< �

B�C
6.3 r f(t, x, λ) s"x G × D y:z"{"/P|"¦ (x, λ) ~"���"�"�"���"�

��< � (E)λ0
wP� x = ϕ(t, τ0, ξ0, λ0) ����������u α ≤ t ≤ β ¢���£�¤�/

τ0 ∈ (α, β), �"� (τ, ξ, λ) D (τ0, ξ0, λ0) EGFIH�J
� /T� x = ϕ(t, τ, ξ, λ) L"�

α ≤ t ≤ β ¢���£�¤�/P|�¦ α ≤ t ≤ β ��M����

lim
(τ,ξ,λ)→(τ0,ξ0,λ0)

ϕ(t, τ, ξ, λ) = ϕ(t, τ0, ξ0, λ0).

B�C
6.4
�

f(t, x, λ) s"x G × D y:z"{"/P|"¦ (x, λ) ~"���"�"�"���"�
��/�� (E)λ w*� x = ϕ(t, τ, ξ, λ) N�O t, τ, ξ, λ w*§�¨�/P���*���(w����

S : t ∈ (a(τ, ξ, λ), b(τ, ξ, λ)), (τ, ξ, λ) ∈ G×D (6.5)

y*z�{�<�
6.1 �v£,� 6.1 �v£,� 6.2 �1/´¦v§v¨ f(t, x) � f(t, x, λ)  ,N¡w"¡vrv�¢,£

(E) � (E)λ w1�`P"¤,¥v�"��¦�£�w*���IE>F(�:��<ð£���QI§*å�¨��(�:���¢,£
(E) � (E)λ w1�`P"¤,¥v����¦�£(w�© � /1ª ¢�£5« �"¦�¤�¥���¬�¨�w*z�{­ <"®"¯,°,S�/±°�²�®�³>¨"�(�*������´���¡�£ f(t, x) �vx G y1zv{v| (E) w

�`P"¤,¥ (τ, ξ) ∈ G �v�,¦v£v/T�*£�� 6.1 w"µ,¶,·,¸,¹�º»¨�¼"��½�/ (E) w1�
P"¤,¥v�v�,¦"£�¾>¿"��¦�¤�¥(w*z"{ ­ <�©>À"/�°,²"��£�� 6.2 �1/ �,´v�,¡�£
f(t, x, λ) ��x G×D y*z�{�|�¦�Á���� λ ∈ D, (E)λ w*��P>¤�¥ (τ, ξ) ∈ G �
��¦�£�/"�*£�� 6.2 w>µ�¶�·�¸�¹�/�Â (E)λ w*��P>¤�¥�����¦�£�L�¾G¿ « ��¦
¤,¥,�,¬v¨(w*z"{ ­ < £ §GÃ�¬�Ä [7] Å"Æ,Ç §4. È,É,ÊËR å £��IÌ>Í"�(w*�"�­ ¾"¿v�v¦v£v�¡�1�(w*z�{,Î�Ï ­ �v����Î(�"Ð�Ñ(w>Ò�Óv/ÕÔ>Ö�F�×�Ø(w"Ù�®>Ã
®>Ú�<
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Û Ü

1.
$
f(t, x)

í
(t, x) &¡'1+ G -v.v/ð0vÆvÇ�G"H�I (E) )vM,Ý¡ï1J�K"R�F

Â�B�<'Þ
1) x = ψ(t) Q (E) )�F�n�M�/ α ≤ t ≤ β Q  N�%([�'*)�E"F ­�� ëGß�[

'>º
2) g k → +∞ i�/ ξk → ψ(α),à D�E�@�) ε > 0, g k ê�¶�Ò�� x = ϕ(t, α, ξk)

í
α ≤ t ≤ β

­ B ± /P0
|ϕ(t, α, ξk) − ψ(t)| < ε, α ≤ t ≤ β.

á,â å � δ > 0 �vÖ¡ë1+ U : α ≤ t ≤ β, |x−ψ(t)| ≤ δ
ìví

G ,1<´Y M Z
|f(t, x)|

í
U )vFvn _võ < ç�Ç(á*g k êv¶vÒ,� ϕ(t, α, ξk) ã

í
α ≤ t ≤ α+ δ

4M_v­ B ± /»��Ç�á í þ�[�' {ϕ(t, α, ξk)} F,�,;,< í ψ(t). ä,wv% α+ δ
4M

≤ t ≤

α + 2δ
4M

_ Y�Z�<
2.
$

f(t, x) Q"hýb"c"d"/ í (t, x) å Ü -"."V"µ"/P0"N�%�û"d A, �"Ö"g
|x| ≥ A i�/ xf(t, x) ≥ 0. Ç(á>ã ­ X (0, ξ), ��Ö�G�H

x′ = f(t, x)

¼�þ�X�)�M x = ϕ(t, 0, ξ)
í

−∞ < t < +∞
_�­ B ± <á,â åc& °,( g |ξ| ≤ A iv/ ϕ(t, 0, ξ) ã í −∞ < t ≤ 0

­ B ± / ü1þ�ÿ��æ 5v6 |ξ| ≤ A ) ξ, �vÖ ϕ(t, 0, ξ) % í 0 ≤ t < +∞
_v­ B ± < «�ç�Ç���<èÞ�5

6 |ξ| ≤ A ) ξ, x = ϕ(t, 0, ξ)
¬ Ã�Ä�% 0 ≤ t < +∞

_�­ B ± / à x = ϕ(t, 0, A)

ãv÷,évó x = A+ 1 u,êv/ x = ϕ(t, 0,−A) ãv÷,évó x = −A− 1 u,êv<c�,ë�¶
��_�C([�' |ξ| ≤ A, -�V ? é>ì�í�<
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