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(E) . (E)λ /%0%1%2%3�4�5�6"/�7�8"9�:<;�=">�?@BA '%C%D%E%F%G�H�I�J�K /�L�M�N%OQP�RTS%U%V (Bellman, 1920-1984) W%X%Y

.[Z�\�] U (Gronwall, 1877-1932) W�X�Y .^�_
7.1 ` x(t), f(t) a%b%c�d%e%f Ohgji"k t1 < t < t2 l%m%n%Opojqr:hst�u

τ ∈ (t1, t2), v
x(t) ≤ k +

∣

∣

∣

∣

∫ t

τ

f(s)x(s)ds

∣

∣

∣

∣

, t ∈ (t1, t2), (7.1)

wjx
k b ojqzy f O|{

x(t) ≤ ke|
∫ t

τ
f(s)ds|, t ∈ (t1, t2). (7.2)

}�~ �
V (t) = k + |

∫ t

τ
f(s)x(s)ds|. � (7.1) ���

x(t) ≤ V (t), t ∈ (t1, t2). (7.3)

�
t ∈ [τ, t2) � O V (t) = k +

∫ t

τ
f(s)x(s)ds, �j� (7.3),

J

V ′(t) ≡ f(t)x(t) ≤ f(t)V (t),

�
V ′(t) − f(t)V (t) ≤ 0.�������

e−
∫ t

τ
f(s)ds, ���

(

V (t)e−
∫ t

τ
f(s)ds

)′

≤ 0.

�
τ � t ∈ (τ, t2) ��� O ���

V (t)e−
∫ t

τ
f(s)ds ≤ V (τ) = k,

�
V (t) ≤ ke

∫ t

τ
f(s)ds.

�z��� (7.3),
� � (7.2).�

t1 < t ≤ τ � O V (t) = k −
∫ t

τ
f(s)x(s)ds. ���j� (7.3)

J

V ′(t) ≡ −f(t)x(t) ≥ −f(t)V (t),

�
V ′(t) + f(t)V (t) ≥ 0.
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e
∫ t

τ
f(s)ds, ���

(

V (t)e
∫ t

τ
f(s)ds

)′

≥ 0.

�
τ � t ∈ (t1, τ ] ��� O ���

V (t)e
∫ t

τ
f(s)ds ≤ V (τ) = k,

�
V (t) ≤ ke−

∫ t

τ
f(s)ds.

�z��� (7.3) �z����� (7.2). ��� @�� : ���_
7.1 � f(t, x) � w u x �h�%�%dB�h�% %¡�¢ (t, x) £ kh¤ G ¥ m%n%O

{ u�¦�§ (τ, ξ) ∈ G, (E) �z¨ x = ϕ(t, τ, ξ) ©jª t, τ, ξ �ze�f O«gj¬ �®­ g°¯± O|²�³ (6.1) ´¶µz�z·�¸ S ¥ m�n�¹   :}�~ �zº $�» � 6.1 /�¼�½ 6.2 ¾ O ϕ(t, τ, ξ) ¿�À S ÁzÂ�Ã :«R @ÄA »
� O«Å�Æ�Ç @jAzÈ

1. ∂ϕ

∂t
(t, τ, ξ) ¿ S ÁzÉ�Ê�Ë�Â�Ã�Ì

2. ∂ϕ

∂ξi
(t, τ, ξ), i = 1, · · · , n ¿ S ÁhÉ%Ê%Ë%Â�Ã O ��Í ξi � ξ /%Î i

C �%Ï%Ì
3. ∂ϕ

∂τ
(t, τ, ξ) ¿ S ÁzÉ�Ê�Ë�Â�Ã :

= @ 1. Ð R x = ϕ(t, τ, ξ) Ñ R t /�Ò�6 � (E) /�0�O �
∂ϕ

∂t
(t, τ, ξ) ≡ f(t, ϕ(t, τ, ξ)). (7.4)

�h� ;%= ¾�Ó O ∂ϕ

∂t
(t, τ, ξ) ¿ S ÁhÉ%Ê%Ì Ç � f(t, x) 4 ϕ(t, τ, ξ) / Â%Ã 9%O &G�Ô ¾�Ó O«Õ Ê S ÁzÂ�Ã :

Ç @ 2. Ö�× '�Ø (t0, τ0, ξ0) ∈ S, Ù�Ú (E) /�0 x = ϕ(t, τ0, ξ0), Õ�/ É�ÊjÛÜ
a(τ0, ξ0) < t < b(τ0, ξ0) ÝzÞ�ß τ0 4 t0. ×�à J�ájâzã Û Ü α ≤ t ≤ β, ä��

τ0, t0 ∈ (α, β). �j� » � 6.1 ¾ O J δ > 0, ä�� x = ϕ(t, τ, ξ) ¿�À
V : α < t < β, α < τ < β, |ξ − ϕ(τ, τ0, ξ0)| < δ

/ âzå V̄ æ J�»�ç Ë�Â�Ã :�%è%é / »%çBêzë Oì>�?�Å"Æ @jA 1 Ö�í Ø (t, τ, ξ) ∈ V ,
�

h → 0 � Oïî é
∆ϕ

h
=

1

h
(ϕ(t, τ, ξ + hei) − ϕ(t, τ, ξ)) (7.5)

/�ð á É�Ê�Ë�Â�Ã O �"Í ei � ' n ñjòzÏ O«Õ�ó�Î i
C ��Ï R 1 ô O à�õ���Ïö R�÷�:
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ϕ(t, τ, ξ) = ξ +

∫ t

τ

f(s, ϕ(s, τ, ξ))ds, (7.6)

Ðz��� N�� J
∂ϕ

∂ξi

(t, τ, ξ) = ei +

∫ t

τ

fx(s, ϕ(s, τ, ξ))
∂ϕ

∂ξi

(s, τ, ξ)ds, (7.7)

àÄÝ fx(t, x) � f(t, x) �|¿ x /���	�
 (Jacobi, 1804-1851) ��
 :�	�� y =
∂ϕ

∂ξi

(t, τ, ξ) ����� 2�3����






y′ = fx(t, ϕ(t, τ, ξ))y,

y(τ) = ei

(7.8)

/�0�: ����� >�?�O«î é (7.5) /�ð á ����� 2�3���� (7.8) /�0�:�
(t, τ, ξ), (t, τ, ξ + hei) ∈ V . �z¿

ϕ(t, τ, ξ + hei) = ξ + hei +

∫ t

τ

f(s, ϕ(s, τ, ξ + hei))ds,

ϕ(t, τ, ξ) = ξ +

∫ t

τ

f(s, ϕ(s, τ, ξ))ds.

� N�7���O«ó � h, � K Ý 3 » � O ���
∆ϕ

h
= ei +

∫ t

τ

(fx(s, ϕ(s, τ, ξ)) + r)
∆ϕ

h
ds, (7.9)

àjÝ
r =

∫ 1

0

fx(s, ϕ(s, τ, ξ) + θ∆ϕ)dθ − fx(s, ϕ(s, τ, ξ)).

���
fx(t, x) 4 ϕ(t, τ, ξ) / Â�Ã 9�O � h → 0 � O«1 (s, τ, ξ) ∈ V̄

'�� � J
r → 0. (7.10)

�
M � |fx(s, ϕ(s, τ, ξ))|+ |r| ¿ V̄ æ / '�C�� æ�� : � (7.9) 	 �

∣

∣

∣

∣

∆ϕ

h

∣

∣

∣

∣

≤ 1 +

∣

∣

∣

∣

∫ t

τ

M

∣

∣

∣

∣

∆ϕ

h

∣

∣

∣

∣

ds

∣

∣

∣

∣

.

¿�� ��� ��� 7.1,
J

∣

∣

∣

∣

∆ϕ

h

∣

∣

∣

∣

≤ eM(β−α), (t, τ, ξ) ∈ V. (7.11)
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1� » / (τ, ξ) : α < τ < β, |ξ − ϕ(τ, τ0, ξ0)| < δ,

� 2�3���� (7.8) /�0�R
y = y(t, τ, ξ), Õ�!�"

y(t, τ, ξ) = ei +

∫ t

τ

fx(s, ϕ(s, τ, ξ))y(s, τ, ξ)ds. (7.12)

#
u = ∆ϕ

h
− y(t, τ, ξ). � (7.9), (7.12) $�%�í�� (7.11), �

|u| =

∣

∣

∣

∣

∫ t

τ

(

fx(s, ϕ(s, τ, ξ))u + r
∆ϕ

h

)

ds

∣

∣

∣

∣

≤ M

∣

∣

∣

∣

∫ t

τ

|u|ds

∣

∣

∣

∣

+ eM(β−α)

∣

∣

∣

∣

∫ t

τ

|r|ds

∣

∣

∣

∣

.

� (7.10) ¾ O«1 Ö�& ε > 0, É�Ê η > 0, ä�� � |h| ≤ η �
|r| ≤ ε.

� � |h| ≤ η � J

|u| ≤ ε(β − α)eM(β−α) + M

∣

∣

∣

∣

∫ t

τ

|u|ds

∣

∣

∣

∣

.

¿���� K ��� 7.1, ���
|u| ≤ ε(β − α)e2M(β−α).

�z� � ��O«1 (t, τ, ξ) ∈ V
'�� � J lim

h→0
u = 0,

�

lim
h→0

∆ϕ

h
= y(t, τ, ξ).

' �
∂ϕ

∂ξi
(t, τ, ξ) ¿ V ÁzÉ�Ê�Ë�Â�Ã :(�) @jA

3.
�

(7.6) � N�� J
∂ϕ

∂τ
(t, τ, ξ) = −f(τ, ξ) +

∫ t

τ

fx(s, ϕ(s, τ, ξ))
∂ϕ

∂τ
(s, τ, ξ)ds,

�
y = ∂ϕ

∂τ
(t, τ, ξ) ����� 2�3����







y′ = fx(t, ϕ(t, τ, ξ))y,

y(τ) = −f(τ, ξ)
(7.13)

/�0�: � ö�*�+ ¿ (�, 2 / @jA O�	 � @jA ∂ϕ

∂τ
(t, τ, ξ) É�Ê�Ë�Â�Ã : �
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7.1 .�/�0j��1�2�3�4�5�6 y = ∂ϕ

∂ξi
(t, τ, ξ) 7 y = ∂ϕ

∂τ
(t, τ, ξ) ��8�b�9�:;�<

(7.8) 7 (7.13) �z¨ :|³�=�>�O�? n = 1 @ O 3�4 ¹�A 6�B�C�DFE
∂ϕ

∂ξ
(t, τ, ξ) = exp

{
∫ t

τ

fx(s, ϕ(s, τ, ξ))ds

}

,

∂ϕ

∂τ
(t, τ, ξ) = −f(τ, ξ)exp

{
∫ t

τ

fx(s, ϕ(s, τ, ξ))ds

}

.

-
7.2 G�H�I�J (7.4), (7.8), (7.13), 3�4 ¹�K�L §�M A 6FN®¢|¨ u 9�:°�OQP ¹  SRS/�0 :UT�s"O � f(t, x)

u
x �QVS6 r ≥ 1

P  %¡%a g%¤ G ¥ m%n%O
{ ϕ(t, τ, ξ)

u
ξ ��V�6 r

P  �¡�a m"n":XW�T|s"O � f(t, x) g�¤ G ¥ r ≥ 1Y m%n%¹   O { ϕ(t, τ, ξ) r
Y m%n%¹   O[Z�\ u t � r + 1

P  %¡S]%b m�n � :
1 ¿%ß 5 Ï λ / +%,%- (E)λ, 	 �S^ º $S_S` � &�aSb ¾ Ò�6�Odc%0�1�2�3e 5�6�/�	 è 9�O�f�g"R +",�- (6.4) /�0�1�2�3�/�	 è 9�:�h K º $ / ��i O

� » � 7.1 ��à @jA O«>�?�	 ��� ý�þ / » � :��_
7.2 � f(t, x, λ) � w u x j λ �®��k"�"d°�«�  |¡|¢ ¤ G × D ¥

m"n"O|{ u"¦"§ (τ, ξ, λ) ∈ G × D, (E)λ �®¨ x = ϕ(t, τ, ξ, λ) ©°ª t, τ, ξ, λ �
e|f gÄ¬ �«­ gÄ¯ ± ¥ m n|¹   :X=ml|O y = ∂ϕ

∂ξi
(t, τ, ξ, λ), y = ∂ϕ

∂τ
(t, τ, ξ, λ),

y = ∂ϕ

∂λj
(t, τ, ξ, λ) n Y b�B�C�9�: ;�< �®¨ È

y′ = fx(t, ϕ(t, τ, ξ, λ), λ)y, y(τ) = ei;

y′ = fx(t, ϕ(t, τ, ξ, λ), λ)y, y(τ) = −f(τ, ξ, λ);

y′ = fx(t, ϕ(t, τ, ξ, λ), λ)y + fλj
(t, ϕ(t, τ, ξ, λ), λ), y(τ) = 0,

wjx
λj b λ ��o j k���d :

p q

1.
�

x(t), f(t) r�s�t�Ï Ò�6�O ¿ α ≤ t ≤ β æ�Â�Ã :�u J�v 6 k ä��
x(t) ≤ k +

∫ t

α

|f(s)|x(s)ds, α ≤ t ≤ β,

�
x(t) ≤ ke

∫ t

α
|f(s)|ds, α ≤ t ≤ β.

2.
�

x(t), f(t) 4 g(t) w%�St%Ï Ò%6%O ¿jÛ Ü I æ%Â%Ã OdxSy%: ^�z 1 τ ∈ IJ

x(t) ≤ g(t) +

∣

∣

∣

∣

∫ t

τ

f(s)x(s)ds

∣

∣

∣

∣

, t ∈ I,
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x(t) ≤ g(t) +

∣

∣

∣

∣

∫ t

τ

f(ξ)g(ξ)e
∫ t

ξ
f(s)dsdξ

∣

∣

∣

∣

, t ∈ I.

{ � È � V (t) = |
∫ t

τ
f(s)x(s)ds|,

F ) *�+ ��� 7.1 ¼�ù�:
3.
�

x = ϕ(t, τ, ξ) � 2�3����
x′ = sin(tx), x(τ) = ξ

/�|�4�0�:�} ∂ϕ

∂τ
, ∂ϕ

∂ξ
Ê (t, τ, ξ) = (t, 0, 0) ~ /�3�:{ � È %�í ϕ(t, 0, 0) = 0.

4.
�

x = ϕ(t, τ, ξ, λ) � 2�3����
x′ = x + λ(t + x2), x(τ) = ξ

/�|�4�0�O ��Í λ � 5�6�:�} ∂ϕ

∂τ
, ∂ϕ

∂ξ
, ∂ϕ

∂λ
Ê (t, τ, ξ, λ) = (t, 0, 1, 0) ~ /�3�:

5.
�

f(t, x) ��à 1 x � C ��Ï /�� è"é ¿ (t, x) � Ü Â�Ã O x = ϕ(t, τ, ξ)

� (E)
`�Ø

(τ, ξ) � |�4�0�: � J�� M"N
∂ϕ

∂τ
(t, τ, ξ) + Φ(t, τ, ξ)f(τ, ξ) ≡ 0,

��Í Φ(t, τ, ξ) � n × n ��
 O à Î i ����� R ∂ϕ

∂ξi
(t, τ, ξ).{ � È y = ∂ϕ

∂ξi
(t, τ, ξ) � 2%3��Q� (7.8) /%0%O G y = ∂ϕ

∂τ
(t, τ, ξ) � (7.13) /

0�O�����Õ�? Ü /�� s :
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