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������ �!�"�#�$
dx

dt
= X(x, y),

dy

dt
= Y (x, y), (3.1)

%'&
X(x, y) ( Y (x, y) ) �� R

2 *�+�,�-�.�/0212324 #2$252627�8:9<;�=�>�;2?�5�@�A2B�%�C�D2E�F�G'H<I�J�K�L25��
M /ON ) �2 �P�Q�5�RTS�@�8VU�W��T �!�"T#�$�5�;T?�X�Y'ZO[�\�]�8_^a`Tb�c5�d�e�f'Za[�g�h /
3.1 ikjl2m2n

(3.1)
52627252@�o /qpTr ITs�@�8 0T1�t ����6T7�uTv�wTx�7�5Tyz /O{ u'^a|�}�K�\�~��T8 (3.1)

5���I�6�7���������x�7T8O`T���TuT��I����
#�$�5�6�7 /_��� (3.1) � 7 (0, 0)

=�>���������� z����

d

dt





x

y



 = A





x

y



 + R(x, y), (3.2)

%'&
A
u����������'�a8

R(x, y) ) 7 (0, 0)
=�> +�,�-�. 8 R(0, 0) = 0, �

lim
r→0

R(x, y)

r
= 0,

{�� r =
√

x2 + y2.���
detA 6= 0, ��� (0, 0)

u
(3.2)

5 ��¡�¢�£
; ¤�����¥ |§¦�¨�¢�£ . ©ª�«�¬ � 6�7 (0, 0)

=�>�8
(3.2)

5�;�?�X�Y�c�­ (�¥ 5�®TIT>�¯T°�±T²

d

dt





x

y



 = A





x

y



 (3.3)

52b2¯ / � (0, 0)
u2³2´262725�y z 8µy�¶�·�P * u {�¸ ( ¹ �2 252º2d 3.2).

�
 0�1 � ��� detA 6= 0

5�»�¼���8_½�¾�¿�ÀTX�Á
(3.3)

5�;�?�X�Y /Â�Ã �'�a�TwTÄ z 5ÅºTd
( ¹ ®�Æ�Ç §2 ÈaÉ ),

}�I�Ê�6�ËT?T@Å~T�Å8 - 3
(3.3)

�2�2�2I2°�±�²T8k%�#T���'�O|��Tw�Ä z /kÌ p = −trA, q = detA.
4 ) ³´�6�7�8_Í�Î

q 6= 0 Ï 8 p�Ð ��Ñ�Ò�Ó�y zT�
1. Ô q > 0, p2 − 4q = 0, � A Õ �ÅÖÅ�ÅRÅ× Â λ. ØÅÏ 5Å�ÅwÅÄ z |





λ 0

0 λ



( Ù Î�Ú�u�I���5 ) Û




λ 0

1 λ



( Ù Î�Ú�u�����5 );
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2. Ô q > 0, p2 − 4q > 0, � A Õ�Ü J�b�Ë���R�× Â λ, µ, � λµ > 0. Ø�Ï 5

��w�Ä z |




λ 0

0 µ



;

3. Ô q < 0, � A Õ�Ü J�b�Ë���R�× Â λ, µ, � λµ < 0. Ø�Ï 5���w�Ä z f
u





λ 0

0 µ



;

4. Ô p 6= 0, p2 − 4q < 0, � A Õ2Ü J2Ý2b2ÞTß�5�à�R�× Â α + βi, α− βi, �
α 6= 0, β 6= 0. Ø�Ï 5���w�Ä z |





α −β

β α



;

5. Ô q > 0, p = 0, � A Õ2Ü J2]�á2R�× Â βi,−βi(β 6= 0). Ø2Ï 52�2w2Ä z
|





0 −β

β 0



.

p�â�� �'� A ãaä�Õ *�å w�Ä z�æ I / �T �XTçTè�éTê�e /
I. A =





λ 0

0 µ



. © ª W ¬ (3.3)
5�ë�ì

x = c1e
λt, y = c2e

µt.

í
(3.3)

5�C�î�;�? -�ï�ð �

y = c|x|µ/λ ( x = 0,

%'&
c1, c2, c

��u���ñ�ò�� /_{ Ï�ó�Õ ÆTÓ�y zT�
1◦ λ = µ. (3.3)

5�;�?�ô�u N xÅ7TB��VxT7õH_öT÷ pÅø xT7T5ÅCTùTúÅ?T²��5�8 { Ï�� 6�7 (0, 0)
| û�ü�ý�£ Ûÿþ�� ý�£ . � λ

5���� Õ ��� 3.1 � ð5 Ü Ó�b�� /
2◦ λ 6= µ � λµ > 0.

Î
µ
λ

> 1 Ï 8 (3.3)
5T;T?	�	


y � * 5 Ü	� ;T?Ð 8_% ¥ ;�?�
 ) xT7�� x � b����_Î µ
λ

< 1 Ï 8���
 x � * 5 Ü�� ;�? Ð 8% ¥ ;�?�
 ) x�7�� y � b�� / Î λ, µ < 0 Ï 8 (3.3)
5���ì

(0, 0)
u���º�5��

Î
λ, µ > 0 Ï 8���ì (0, 0)

u p ��º�5 / 0Å1 �TØ ÓT6T7 (0, 0)
|�����ý�£ Û��� ý�£

.
b��a�

3.2 � ð�/
3◦ λµ < 0. { Ï (3.3)

5�;�?���
 � x � * 5 Ü���(T� y � * 5 Ü�� ;T?Ð 8�
Té x �T( y � |T%	�T>T?T8 { ÓT6T7 (0, 0) � |��T£
.
b��O���

3.3 �ð�/_{ Ï (3.3)
5���ì

(0, 0)
u p ��º�5 /

2
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�
3.1: � � ! "

�
3.2: # � ! "

II. A =





λ 0

1 λ



 (λ 6= 0). { Ï (3.3)
5�ë�ì�|

x = c1e
λt, y = (c2 + c1t)e

λt.

í
(3.3)

5�C�î�;�? -�ï�ð �
y = cx +

x

λ
ln |x| ( x = 0.

N Ø�$
lim
x→0

y(x) = 0 ( lim
x→0

dy

dx
=







+∞, λ < 0,

−∞, λ > 0.

^ Ø 8 (3.3)
5�%�I�;�?�� � xT7	� y � b�� /_{ Ï�� (0, 0)

|'&���ý�£ Û)(* ý�£
. � λ

5���� Õ ��� 3.4 � ð 5 Ü Ó�b�� /
3
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�
3.3: + "

�
3.4: ,.-/! "

III. A =





α −β

β α



,
Í

A Õ I 4 Þ�ß�à�RT× Â /10 x = r cos θ, y = r sin θ.

� (3.3)
��|

dr

dt
= αr,

dθ

dt
= β, (3.4)

%�ë�ì�|
r = c1e

αt, θ = βt + c2.2�`
(3.3)

5�C�î�;�?�5�3�v�w z�� |
r(t) = ceαθ/β , (3.5)

%'&
c ≥ 0

|���ñ�ò�� / ª ¹ 8_Î c > 0 Ï 854a?�ô (3.5)
� p ë�6�7 (0, 0). N

(3.4)
5�®�� � $ 8 β

5�����7�º�
�;�?�5�8	9T°�: ��; �T¿	<�8
β > 0 Ï 8�=

4
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> Ï@? °A:B� β < 0 Ï 8C=@D Ï@? °�: / b�� � α

5 pAE �@��X�|�Æ�Ó � α < 0

Ï 8 (3.5)
u�F�?�ô�8_Î

t → +∞ Ï 8�9�¿�GT> ) 7 (0, 0),
^a`�u���ºT5Å8 {

Ï 6�7 (0, 0) � |IH�J�K�£
; α > 0 Ï 8 (3.5) L |�F�?�ô�8 t uTÎ t → −∞ Ï8�9�¿�G ) 7 (0, 0), { Ï 0�1 � (0, 0)

|IM�H�J�K�£
; α = 0 Ï 8 (3.5)

��|�é
(0, 0)

|�N�5 E N�OOôÅ8 ^O`T6Å7 (0, 0)
u���º�5�8 ÷ p u	�Å>	�TºÅ5 / ¥Å� |PRQ�£

. ¹ b�� 3.5.

�
3.5: S " T U V

W�X *  �5�ê�e�8 0�1 Õ �T�	Y�ºT³T´�6T7�Z	[T5�ET� /J�\
3.1 ] p = −trA, q = detA. ^R_

1) ` q > 0, p2 = 4q a 8 (0, 0) bRc�dRe�f�g�h�i�e�f �
2) ` q > 0, p2 > 4q a 8 (0, 0) b�j�dRe�f �
3) ` q < 0 a 8 (0, 0) bRk�f �
4) ` q > 0, 0 < p2 < 4q a 8 (0, 0) bRl�f �
5) ` q > 0, p = 0 a 8 (0, 0) b�mRn�f /o	p 8�q	r i 1), 2), 4) m 8�s f (0, 0) tvu	w	x�y p tvz�{v|	}5w � `

p > 0 a 8 (0, 0) ~�u�w�t ��� ` p < 0 a 8 (0, 0) ~��Ru�w�t /� � 0�1 À��TM �5� Ó �	� �T8 ÊT?T@T#Å$ (3.2) � x�7�=�>�� (3.3) Õ bE 5�º�@�E�F / �T T5TºÅdTGõHv
 (3.2)
�

(3.3) Õ b E ��º�@T5	�TX �	� / ¥5���� ¹���� [36]
®���Ç�º�d

4.2-4.6.J�\
3.2 1) �@� (0, 0) ~ (3.3) tBl@f 8 ^��R�	~ (3.2) tBl@f 8��B� �v�

tRu�w�x���� �
2) ��� (0, 0) ~ (3.3) tRk�f�g�j�dRe�f 8 ^��R�	~ (3.2) tRk�f�g�j�dRe

f 85�R� _�����tRu�w	x �
3) ��� (0, 0) ~ (3.3) tRc�dRe�f 8�������� ε > 0, ��_

lim
r→0

R(x, y)

r1+ε
= 0, (3.6)

5
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^ (0, 0) ��~ (3.2) tRc�dRe�f 85�R� u�w	x	��� �

4) ��� (0, 0) ~ (3.3) tRh�i�e�f 8�� R(x, y) �����R� (3.6), ^ (0, 0) �
~ (3.2) tRh�i�e�f 85�R� u�w	x���� /� - é@�A� � �2� (0, 0)

u
(3.3)

5@�A4<62728 Í2� �
A
52R2×@�252�2î2�2Ë

) �28 � t L R(x, y)
B2%@�2�@ @¡@¢28

(3.2) £ D2î@¤@¥2´@¦ ) (3.3),
Í � (0, 0)5�I�J�¢�§�¨�©O81ª � ITJ Ev« ~T� (

Í�P�Q�B�% > � +T, 5T~T� )
3

(3.2)
5

;2?2~ ¬
(3.3)

52;2?28.¬ � ��­�® ;�?T5�°�: / { Ï 0�1 � (3.3) � (0, 0)
=2>

u°¯�±�ý�²�H�J 5 /_{�¸ 5�E�� 4�³�´ !�"T#T$ EO¸ �	µ /
3.2 ¶¸·¸¹�� �m�n

(3.1)
5°º�»�¼

,
Í�½�µ'9a;�5�@�o / 0T1�3 ë�6Tm�n	3	¾�¿TÀ��M2�2 2!2"�#�$

(3.1)
52;2?2X2Y / ��À ½�µT5'9O;�u�Á	ª � 9a;T5�ITJ�§�¨T8U2W �2Ø §@¨A©a#�$Tç�Â�% ¥ 9a; / 3�¾�¿T5���º�@�8 ÈRÃ * u�Á�ëTò�ñ�Ä���59<;25@�2>@�Tº�@ � � Γ
u

(3.1)
52I2J@3@¾@¿ / ����ª � Γ

52I2J@§@¨�8 U�W
2 { J@§@¨A©a7'HaöT5�;�?�Î t → +∞(t → −∞) Ï �@8@9@G ) Γ, �2� Γ

uÅH
J

(
M@H@J

)
5 / �2�@ª � Γ

52I@Æ
(
©BÆ Û Ð Æ )

§@¨28kU2W@2 { J�§	¨'&O7'Hö�5�;�?�Î
t → +∞(t → −∞) Ï ��8�9�G ) Γ, ��� Γ

u�&�Ç�H�J
(
M	H�J

)5 / Õ�Ï f � I�Æ���ºT`��TI�Æ p ��ºT5	3�¾	¿�|'È�H�J�º�»�¼
.É

3.1
����°�±�²

dx

dt
= y + x(1 − x2 − y2),

dy

dt
= −x + y(1 − x2 − y2).

Ê�3�v�w�~��
x = r cos θ, y = r sin θ, { Ï °�±�²�~�|

dr

dt
= r(1 − r2),

dθ

dt
= −1.

N Ø�© ª�Ë $ x2 + y2 = 1
u�3�¾�¿�8�¬ � u��Tº�5 /0�1 $�Ì 8_L «�Í	Î (3.1)

5�;�?�5�C�D�X�YT81Ï	ÐTmTn
(3.1)

;�?�5�3�¾
Ñ�5�E�F / � { °� �8 Õ ��� �	Ò 5�Ó�Ô�Õ

- Ö�×�Ø�Ù (Bendixson, 1861-1935)J�\
.J�\

3.3 ] x = ϕ(t) ~ (3.1) tBÚA�BÛ@Ü 8 �	t ω- Ý@Þ@ß Ω+ à@á 8 _@â� �Rã s f / ^ Ω+ ä ~ (3.1) tRÚ���åRÛ /{ J2º2d2u2�2 2º2@�d�e25�·�æ�8 ¥ 5����Bç�Ö�¿ �@è�) �� * 5 Ù ÎA4a?X�é�º�d /_{ J���� - � � � ITP	ê ) . X�°T±�ºT@Td�eT5 ��� &Rë ¬ /
6
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3.3 Õ ����K��a` Õ�ì 5 Ë e /J�\
3.4 (

Ó@Ô@Õ
- Ö@×@Ø@Ù ¼@í@J@\ ) ] D ~Ay@j@�@îBcAå@ïRÜ Γ1 ð Γ2ñ�òRó tRô�õ 8ö�v�	q D̄ = Γ1 ∪ D ∪ Γ2 ÷�øúùCû (3.1) ü�ý�þ�ÿ������ Γ1 �

Γ2 ÷��
	���
���������� ( � ������� )D̄, � Γ1 � Γ2 ����� (3.1) ����
@ø��
D  �!�"�#�$�%�& ��
 Γ( '�( 3.6).

)
3.6: *,+,-,.

/�0�1�2�3�4�2�5�6�7�8�9;:�3 ÿ;< (3.1) =�>�?�@�A�B�C�D�E�ÿ�F�G�B�CH�I�J�K B�L D,D M�N�O�P�Q�R�S øUT�V�W D X�Y�P�Z�B�[ W ÿ /�\ Q�]�^�_1�3�`�a�b�c�a øed S�f�]�_ 1�3�`�a�b�c�a ÿeg�h Γ2 i�jlk�m�n�o ,Γ1 i�jp m�n�o .
1�2

3.4 q�r�s 1 ? D X�P�t�u øwv O�P�x 9 t�u 7�y�7�z�{ Z�ÿ}|~�� 9�� F�G (3.1)
7���������� ø�� X(x, y)

b
Y (x, y) � D̄ � ��� ø f D X3 t�u H�7�z�{ Z�ÿ�����]�� ø�W�����������ø�� /�� Z�������Y 7�8�����3��� ø O�P ������� |�����ÿer d��� �¡�¢�£�¤�¥���¦	ø F¨§�© (Liénard) ª�«

x′′ + f(x)x′ + g(x) = 0,¬ M;­�® f(x), g(x)
7�¯�° |�± 3 ø xg(x) > 0, x 6= 0, ²;P�³�´�µ 3 �¶� (·

[36]).̧�¹
� 0�º�»�3�¼�½�7��¿¾�À�Á - ��Â�Ã�Ä 1�2 ø¿Å�Æ Z�� 1�2�Ç ^�È�É�ÊË�Ì�Í�Î�Ï�Ð�Ñ 7

3 Ò ~ � 3 E�Ó�Ô�Õ ( · [17]).

� > 3�Ö ��t�u�^�[ W 3�×�Ø�Ù f�P�Ú�Û 7�8 P�Ü 3 ÿÝ�Þ
3.5 ( ß�à�á�â�ã�ä ) å X(x, y), Y (x, y) $�æ�ç�è�é�ê D ë � ç�ì�íî � ÿ�ï�ð D ��ñ�ò�ó é�ê�ô�õ�ö

div(X, Y ) =
∂X

∂x
+

∂Y

∂y

��÷�ø�ù�ú¶û�ü���ý�þ;ú¶� (3.1) $ D ôRü ��
 ÿÿ�� ��� ^�r ú < Γ : x = x(t), y = y(t)(0 ≤ t ≤ T )
7

(3.1) W D M 3
t�u ú T j���� ÿ ~ D̃ ���	� Γ 
	��´ 3	� ��ÿ
�;� D

7 Ê ¯ g 3 ú���� P
7
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D̃ ⊂ D. $�%�&�' (Green, 1793-1841) (�) ú

∫∫

D̃

div(X, Y )dxdy =

∫∫

D̃

(

∂X

∂x
+

∂Y

∂y

)

dxdy

=

∮

Γ

(Xdy − Y dx) =

∫ T

0

(

X
dy

dt
− Y

dx

dt

)

dt

=

∫ T

0

(X(x(t), y(t))Y (x(t), y(t)) − Y (x(t), y(t))X(x(t), y(t)))dt = 0.

/�*�+
div(X, Y ) W D̃ ��, j�- R�.�/�Ú�0�|�È�ÿ 1�2 ��1 ÿ �×�Ø Ô�Õ (3.1)

3�z�{ Z 3�0 ®�2 ¬ Ï ��3�4 7 � 0�5 h�6�7 3�� � ú ��8
�:9:; )�Ô�Õ ú}� X(x, y)

b
Y (x, y)

7:<:= 9:; ) ( >:? 7:<:@ 9�; ) ) ����úz¶{ Z 0 ® 3 � K � � Û
A
BDC 1
E �DF úHG
I 7 1901 JDKDLDM ¢ (Hilbert,

1862-1943) N�� 3:O:P�3 23
0 ®:Q:7 � MSR 16

� � 3 G:T:U:V ÿ W 9 ®:Q�X �/ � � � 3:Y�Z � ��?�^�[ 3�\ Ó ú ¬ Ñ^]�_�` ��b	a^b ÿ � 0�º�»�3�` G 7��Ý�Þ
3.6 ( c�d�e Ý�Þ ) ñ�ògfihgjgkml (3.1) �in�o�p �iq�r $ R

2 ô �
��s�o�� ÿÖ � / � A 3�Y�Z�t�u |�v�w [14,16,33].

x y

1.
×�z � A�Ô�Õ�{ a�3 ¤�¥�ú Ç � ��Ô�Õ W { a�|�}�3 Ïg~ ÿ

(1) x′ = x + 2y, y′ = x − 2y;

(2) x′ = x, y′ = x + 2y;

(3) x′ = 2x − y, y′ = x;

(4) x′ = 2x − y, y′ = 2x + y;

(5) x′ = x − y, y′ = 2x − y.

2. 8 Ü���Â�Ã�Ä Ù f�x 9 � > 3 Ô�Õ W R
2 ��O�P�t�u�ÿ

(1) x′ = x + y, y′ = 4x + 2y;

(2) x′ = ex + y, y′ = cos x + ex sin y;

(3) x′ = 2xy + y3, y′ = x3 + y − y2.

3.
� 9 � > 3��:� á (Dulac) ã�ä : < X(x, y), Y (x, y) W Ê ¯ g � � D �7

C1
3 ÿ � � D [ W C1 ­�® h(x, y) 8 C����

div(hX, hY ) =
∂(hX)

∂x
+

∂(hY )

∂y
6≡ 0,

W D Mi��� 1 / ú�� ^ W D
3������g� � Mi,���� -�ú f (3.1) W D Mi� t

u�ÿ���>���� 3 ­�® h(x, y) g�h i���j ��� á���� .

8
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4. 8 Ü�����Ã�­�® h(x, y) = be−2dx � � 9 Ô�Õ

x′ = y, y′ = ax + by + cx2 + dy2

� R
2 ��t�u ú ¬ M a, b, c, d

7�½ h�® ú�� b 6= 0.

5. ��Ü ¾�À�Á - ��Â�Ã�Ä 1�2 � 9�� Ô�Õ
x′ = x − y − x3, y′ = x + y − y3

W Z�� A : 1 ≤ r ≤
√

2 M�P�t�u ú ¬ M r =
√

x2 + y2.

9


