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 �!�"�#�$�%�&�'�(�)+*�,+-�.
(1.2), /

n
∑

i=1

ai(x1, · · · , xn, u)
∂u

∂xi

= c(x1, · · · , xn, u). (3.1)

$�%�'�(�0�1�'�(�-�.�2+3�4+5+6�7+8+9:0+;+<�$+=�>@?+A+B�C+D�E
ai(x1, · · · ,

xn, u), i = 1, · · · , n
0

c(x1, · · · , xn, u) F+G (x1, · · · , xn, u) HJI 4+K D LNM+OP *�>:Q
ai(x1, · · · , xn, u), i = 1, · · · , n R�R�SUTWV�X�Y 9-�.
(3.1)

P�Z�[�\ -�]+^+_+`ba+'+(+-+.bc+d+e+9@fbg+-+.
(3.1)

4�eUh
i D�E�-�.

V (x1, · · · , xn, u) = 0 (3.2)
j�C�>:kUl

∂V
∂u

6= 0.
Z i D�E�4�*�,�m
∂u

∂xi

= −∂V
∂xi

/
∂V

∂u
, i = 1, · · · , n.

n�o
(3.1), p

n
∑

i=1

ai(x1, · · · , xn, u)
∂V

∂xi

+ c(x1, · · · , xn, u)
∂V

∂u
= 0. (3.3)

3�2�$�q�r
x1, · · · , xn, u Xtsvu�w > V X�x�y D�E�4�`�a+'+(+-+.+9@z+{+|+}~W� 9��

V = V (x1, · · · , xn, u)
2�-�.

(3.3)
4�e�>�Q

∂V
∂u

6= 0, � h (3.2) � j�C4 i D�E
u = u(x1, · · · , xn)

2
(3.1)

4�e�> / (3.2)
2�-�.

(3.1)
4 i ]�e�9:�

Φi(x1, · · · , xn, u) = ci, i = 1, · · · , n
2

(3.3)
4�5���-�.��







dxi

dt
= ai(x1, · · · , xn, u), i = 1, · · · , n,

du
dt

= c(x1, · · · , xn, u)

4
n
q���������4���a���,+> � -+. (3.3)

4���e X
V = ω(Φ1(x1, · · · , xn, u), · · · ,Φn(x1, · · · , xn, u)),kUl

ω
2�����4

n ��M�O P *�D�E�9:���+��<+4+"�#+>
ω(Φ1(x1, · · · , xn, u), · · · ,Φn(x1, · · · , xn, u)) = 0

��2
(3.1)

4 i ]���e�9
1
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3.1
e�-�.

(1 +
√
u− x− y)

∂u

∂x
+
∂u

∂y
= 2. (3.4)

� ��� 4�`�a�'�(�-�.
(3.3) X

(1 +
√
u− x− y)

∂V

∂x
+
∂V

∂y
+ 2

∂V

∂u
= 0, (3.5)

� 3�4 ��� 8�]�5���-�.+� X
dx

1 +
√
u− x− y

=
dy

1
=

du

2
.

����dU�W��q���������4+�+a��+,
u− 2y = c1, y + 2

√
u− x− y = c2.

�W��  -�.�4 i ]���e X
ω(u− 2y, y + 2

√
u− x− y) = 0,

kUl
ω
2�����4�¡ ��M�O P *�D+E�9 ��
3.2
d�¢

3.1
lW4�-�.�£�¤�¥�¦�§�¨

u|y=0 = x (3.6)

4�e�9
� © ¢

3.1
l�ªWdU�

(3.5)
� � 4���q���������4+��a+�+,

Φ1 = u− 2y = c1, Φ2 = y + 2
√
u− x− y = c2.

X¬« d¬-¬. (3.4)
£¬¤¬¥¬¦¬§�¨

(3.6)
4¬e

u(x, y), ­¬® d¬-¬. (3.5)
£¬¤ [¬¯ §

¨�4�e
V (x, y, u):

V |y=0,u=x = 0.

Φ2(x, y, u) °�± £�¤�²�$�§�¨�9:³
Φ2 = y + 2

√
u− x− y = 0

eU�
u ´�p�µ -�. (3.4)

£�¤�¥�¦�§�¨
(3.6)

4�e�¶

u =
y2

4
+ y + x.

�
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(
<

)
4¬�¬,ÂÁ�<�9ÄÃ

§1 �¬Å ��>Æ²�$���,UÁN< P hN½�¾�¥+ÀUÁW' (
<

)
4¬Ç¬5¬�

È�ÉU�Wc�9:r
∂u

∂x
+ b(x, y, u)

∂u

∂y
= c(x, y, u), (3.7)

u|x=x0
= g(y) (3.8)

X ¢�9:B�f b(x, y, u)
0

c(x, y, u)
© ��Ê�Ë 4�Ì�K G LWM�O P *�> g(y)

© ÌUÍ
I c ≤ y ≤ d

� M�O P *�9:-�. (3.7)
4�Ç�5���-�.���2

dx

dt
= 1,

dy

dt
= b(x, y, u),

du

dt
= c(x, y, u).

3 P�Î�Ï X
dy

dx
= b(x, y, u),

du

dx
= c(x, y, u). (3.9)

� ¥�ÀUÁW'
Γ : (x0, y, g(y)), c ≤ y ≤ d

��4�����$�Ð
(x0, y0, g(y0)), y0 ∈ [c, d],

-
.��

(3.9)
¾ � Ð�4�e�Ñ X

y = ϕ(x,y0, g(y0)), u = ψ(x,y0, g(y0)). (3.10)

Ã�Ò ��� G+�+Ó 4 y0 ∈ [c, d],
��,UÁW'

(3.10)
È�ÉU�W$�Ô+ÕÖÁN<+> � ²+qbÔ+ÕÁW< ´ 2�?�A ��× d�4��+,JÁW<+9Z Ñ�Ø

ϕ(x,y0, u0)
4�Ù�Ú�>

ϕ(x0, y0, u0) = y0, Û
∂ϕ

∂y0

(x, y0, u0)

∣

∣

∣

∣

x=x0

= 1,
∂ϕ

∂u0

(x, y0, u0)

∣

∣

∣

∣

x=x0

= 0,

³ �
∂ϕ

∂y0

(x, y0, g(y0))

∣

∣

∣

∣

x=x0

= 1.

���¬Ü¬Ý¬Þ
|x− x0| ß ,¬à V > ϕ(x, y0, g(y0))

�
y0

4¬*¬á S¬â�G+Y 9 � G ²�=4
x,
?�A P ³

(3.10) ã $�]�ä y0

eU�W¶
y0 = H(x, y). å�æ 3�n�o (3.10)

4 ã¡�] ��p�µ 4�D�E
u = ψ(x,H(x, y), g(H(x, y)))

´ 2�¥�¦U»W¼ (3.7), (3.8)
4�e�9

��ç 5�è�é�ê Å �N4+2b> Z � \ -b]+$+ë ­bì+p+µ ¥b¦J»N¼ (3.7), (3.8)
4

í�î e�> / �+ï |x − x0| ß ,�à�4 x Ó C�Ú�4�e�9@²+2 � X ³ (3.10) ã $�]�e
3
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y0 = H(x, y)
$�ë S+ì ©�ð+ñJò:ó+© >@³ � hN�b,JÁN' (3.10) � É��4ÂÁ�<¬$¬ë S+å�ô�õ Ô�Õ�> � ��� 4�e P ì�ö�÷ Ì�ø�.�ù�4 IWú 9û²�$�ü P�ý�¬4¬þ¬ÿ�� ~ > × g ©+ð�ñUò L���� &�'+(�-�.�> ´���®�æ e�4����
	�r�����>

/�
�� ��Ú�e (
��� ÓUIWú 4+e )

4�����9 ��� �+Úbe+4
� × �+Ú+>@³
�
���
�� >�������#�>������
�
��# â � � ,��Jl! ì+p�µ+Ó ��4
" ~ 9# × é�ê Å �W>:� \ INú þ+ÿ � G '+(�-+.
∂u

∂x
+ b(x, y)

∂u

∂y
= c(x, y)u+ f(x, y)

2 S�$�ö�÷ 4�9:²�2 � X�% (3.9)
��� 4�-�.���2

dy

dx
= b(x, y),

du

dx
= c(x, y)u+ f(x, y).

³UÁW'
Γ : (x0, y, g(y)), c ≤ y ≤ d

��Ð
(x0, y0, g(y0))

��&�4���,UÁW'�2
y = ϕ(x, y0), u = ψ(x, y0, g(y0)).

²�'�4
ϕ(x, y0)

l S Ù g(y0).
� h ã)(�* §6 y

∂ϕ

∂y0

(x, y0) = exp

{
∫ x

x0

∂b

∂y
(s, ϕ(s, y0))ds

}

6= 0

� ��Ó x
_���9

+ ,

1.
d [�¯ -�.�4���e�0�£+¤ Å C+§�¨+4�5+e+¶

(1) (x2 − yz) ∂z
∂x

+ (y2 − zx) ∂z
∂y

= z2 − xy,

z|x=0 = 2y;

(2) (x2 + y2) ∂z
∂x

+ 2xy ∂z
∂y

= xz,

z = z(x, y)
¾UÁW'�¶

x = a, y2 + z2 = a2;

(3) y ∂z
∂x

+ z = 0,

z|x=2 = y;

(4) (mz − ny) ∂z
∂x

+ (nx− lz) ∂z
∂y

= ly −mx, l,m, n
2 S Ç X�Y 4�-�E�>

z = z(x, y)
¾UÁW'�¶

x = a, y2 + z2 = a2;

(5) z(x + z) ∂z
∂x

− y(y + z) ∂z
∂y

= 0,

z = z(x, y)
¾UÁW'�¶

xy = 4, z = 2.

2. . 5���'�m�d [�¯ ¥�¦J»W¼+4+e�¶
(1) ∂u

∂x
+ ∂u

∂y
+ ∂u

∂z
= u,

4
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u = u(x, y, z)

¾�/�8�¶
x = s+ t, y = s− t, z = 1, u = st;

(2) 3(z − y)2 ∂z
∂x

− ∂z
∂y

= 0,

z = z(x, y)
¾UÁW'�¶

x = 0, y = s, z = s;

(3) x2 ∂z
∂x

− xy ∂z
∂y

+ y2 = 0,

z = z(x, y)
¾UÁW'�¶

x = s, y = 3s, z = 3s;

(4) 2 ∂z
∂x

+ 3 ∂z
∂y

+ 5 = 0,

z = z(x, y)
¾ÂÁ�'¬¶

x = a1s, y = a2s, z = a3s, a1, a2 X £¬¤ 3a1−2a2 6= 04�-�E�9
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