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ÄÄÄ§§§ÒÒÒ���±±±LLL«««���

f (t) =
∞∑

k=0

Ak cos(kωt + ϕk)
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§5.1 Fourier???êêê
���!!!{{{���VVVããã Fourier???êêê���ÄÄÄ���SSSNNN©©©

5.1.1 ±±±ÏÏÏ¼¼¼êêê��� Fourier???êêêÐÐÐmmm
���. ¼¼¼. êêê. f (x)±±±. 2`���. ±±±. ÏÏÏ. §§§===.
f (x) = f (x + 2`). (5.1-1)

KKK. ¼¼¼. êêê. f (x)���. ±±±. ���. {{{. uuu. ¼¼¼. êêê. xxx. ���. ���. ÐÐÐ. mmm. ÄÄÄ. £££ÄÄÄ. ���. ¼¼¼. êêê. xxx. ¤¤¤ÐÐÐ. mmm. µµµ

nnn. ���. ¼¼¼. êêê. XXX. µµµ
1, cos

πx
`
, cos

2πx
`
, · · · , cos

kπx
`
, · · · ,

sin
πx
`
, sin

2πx
`
, · · · , sin

kπx
`
, · · · .

(5.1-2)

Fourier???. êêê. µµµ f (x) = a0 +

∞∑
k=1

(
ak cos

kπx
`
+ bk sin

kπx
`

)
. (5.1-3)
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ùùù. ÒÒÒ. ´́́. ±±±. ÏÏÏ. ¼¼¼. êêê. ���. f (x)���. FourierÐÐÐ. mmm. ªªª. §§§ÙÙÙ. XXX. êêê. ¡¡¡. ���. FourierXXX.
êêê. ©©©

~

¼¼¼. êêê. xxx. (5.1-2)÷÷÷. vvv. ���. ���. 888. ���. '''. XXX. µµµ

∫ `

−`

cos
kπ
`

x cos
nπ
`

xdx =


0 k , n

1
δk`
=


1
`

k = n , 0
1
2`

k = n = 0∫ `

−`

sin
kπ
`

x sin
nπ
`

xdx =

0 k , n
1
`

k = n∫ `

−`

cos
kπ
`

x sin
nπ
`

xdx = 0.

(5.1-4)
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(5.1-3)¥¥¥���ÐÐÐmmmXXXêêê—   FourierXXX. êêê. ���.
ak =

1
δk`

∫ `

−`

f (ξ) cos
kπξ
`

dξ,

bk =
1
`

∫ `

−`

f (ξ) sin
kπξ
`

dξ.
(5.1-5)

ªªª(5.1-4)ÚÚÚ(5.1-5)¥¥¥§§§

δ =

{
1, k , 0
2, k = 0

(5.1-6)

¡¡¡. ���. δÎÎÎ. ÒÒÒ. ©©©

��� ω = 2π
2` =

π
`§§§KKKþþþ¡¡¡���???ØØØ���LLL«««������²²²www���äääkkk±±±ÏÏÏ555���¯̄̄

KKK

f (x) = a0 +

∞∑
k=1

ak cos kωx + bk sin kωx.
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5.1.2 Dirichlet½½½nnn—Fourier???êêê���ÂÂÂñññ555���âââ∗

eee¼¼¼êêê f (x)÷÷÷vvv^̂̂���µµµ£££¬¬¬¤¤¤??????ëëëYYY½½½333zzz���±±±ÏÏÏ¥¥¥���kkkkkk���
���111���aaammmäää:::¶¶¶£££­­­¤¤¤333zzz���±±±ÏÏÏ¥¥¥���kkkkkk������444���:::§§§KKK

Fourier???êêê(5.1-3)ÂÂÂñññ§§§���

???êêêÚÚÚ =

 f (x) (333ëëëYYY:::)x,
1
2
{ f (x + 0) + f (x − 0)} (333mmmäää:::)x.

(5.1-7)

yyy²²²µµµIII������õõõ���êêêÆÆÆ���£££§§§ÑÑÑ���©©©

5.1.3 ÛÛÛóóó¼¼¼êêê��� FourierÐÐÐmmm
XXX. JJJ. ±±±. ÏÏÏ. ¼¼¼. êêê. f (x) ´́́. ÛÛÛ. ¼¼¼. êêê. ½½½. óóó. ¼¼¼. êêê. §§§KKK. ÙÙÙ. FourierÐÐÐ. mmm. ªªª. ���. 777.

LLL. ´́́. ÛÛÛ. ¼¼¼. êêê. ½½½. óóó. ¼¼¼. êêê. §§§ÏÏÏ. 


. ÙÙÙ. FourierXXX. êêê. ak½½½. bk���. """. §§§���. AAA. ���.
Fourier???. êêê. ©©©. OOO. ´́́. Fourier���. uuu. ½½½. {{{. uuu. ???. êêê. ©©©
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: f (x)���ÛÛÛ¼¼¼êêê���µµµ
~

f (x) =
∞∑

k=1

bk sin
kπξ
`
, (5.1-8)

~

bk =
2
`

∫ `

0
f (ξ) sin

kπξ
`

dξ. (5.1-9)

: f (x)���óóó¼¼¼êêê���µµµ
~

f (x) = a0 +

∞∑
k=1

ak cos
kπξ
`
, (5.1-10)

~

ak =
2
δk`

∫ `

0
f (ξ) cos

kπξ
`

dξ. (5.1-11)

5.1.4 ���±±±ÏÏÏ¼¼¼êêê��� Fourier???êêêÐÐÐmmm—òòòÿÿÿ{{{
éééuuu���333kkk���«««mmm§§§~~~XXX333 (0, `)þþþkkk½½½ÂÂÂ���¼¼¼êêê f (x))§§§���±±±æææ

���òòòÿÿÿ������{{{§§§¦¦¦ÙÙÙ¤¤¤���,,,«««±±±ÏÏÏ¼¼¼êêê g(x)§§§


333 (0, `)



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

§5.1. FOURIER?ê 9/67

þþþ§§§g(x) ≡ f (x)©©©,,,���222ééé f (x)��� Fourier???êêêÐÐÐmmm§§§ÙÙÙ???êêêÚÚÚ333«««
mmm (0, `)þþþ���LLL f (x)©©©

ddduuu f (x)333 (0, `)			ÃÃÃ½½½ÂÂÂ§§§ÏÏÏddd§§§���±±±kkkÃÃÃêêê«««òòòÿÿÿ���ªªª§§§ÏÏÏ



kkkÃÃÃêêê«««ÐÐÐmmmªªª§§§���§§§���333 (0, `)þþþþþþ���LLL f (x)©©©¢¢¢SSS¯̄̄KKK¥¥¥§§§~~~
~~~���333���½½½���^̂̂���£££���¸̧̧ÚÚÚ>>>...���¤¤¤§§§XXX333«««mmm���ààà:::���½½½½½½gggddd§§§

ddddddûûû½½½


£££������¤¤¤


òòòÿÿÿ������ªªª©©©~~~XXX���¦¦¦

f (0) = f (`) = 0 = :ÛÛÛòòòÿÿÿ,

f ′(0) = f ′(`) = 0 = :óóóòòòÿÿÿ.

���±±±ÏÏÏ¼¼¼êêê��� Fourier???êêêÐÐÐmmm333óóó§§§EEEâââþþþkkk­­­������AAA^̂̂ddd
���§§§eee!!!òòò���±±±;;;���???ØØØ©©©
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5.1.5 EEEêêê///ªªª��� Fourier???êêê
���EEE���êêê¼¼¼êêêxxx

· · · , e−i kπx
` , · · · , e−i2πx

` , e−iπx
` , 1, ei pix

` , ei2πx
` , · · · , ei kπx

` , (5.1-12)

������ÄÄÄ���¼¼¼êêêXXX§§§¿¿¿|||^̂̂ Eulerúúúªªª

eiθ = cos θ + i sin θ,

cos θ =
1
2

(
eiθ + e−iθ) , sin θ =

1
2i

(
eiθ
− e−iθ) .

���òòòccc¡¡¡���±±±ÏÏÏ¼¼¼êêê f (x)��� Fourier???êêêÐÐÐmmmªªª(5.1-3)UUU������EEEêêê///
ªªª

f (x) = C0 +

∞∑
k=1

(
Ckeikωx + C−ke−ikωx)

C0 = a0, Ck =
ak − ibk

2
, C−k =

ak + ibk

2
©©
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þþþªªª���±±±LLL«««������{{{'''���///ªªª

f (x) =
∞∑

k=−∞

Ckeikωx. (5.1-13)

EEE���êêê¼¼¼êêêXXX(5.1-12)���������888���555∫ T/2

−T/2
eikωxe−inωxdx =

{
0 , k , n,
T = 2`, k = n,

FourierÐÐÐmmmXXXêêê���

Ck =
1
2`

∫ `

−`

f (ξ)
[
ei kπξ
`

]∗
dξ. (5.1-14)

www,,,kkk

C∗k = C−k. (5.1-15)



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

§5.1. FOURIER?ê 12/67

5.1.6 ~~~
:~~~¬¬¬(P.91§§§1)���666>>>ØØØ E0 sinωt ²²²LLL���ÅÅÅ���666§§§¤¤¤���
E(t) = E0| sinωt|©©©ÁÁÁòòòÙÙÙÐÐÐ��� Fourier???êêê©©©

)))µµµ���666>>>ØØØ E0 sinωt 333«««mmm −π ≤ ωt ≤ πþþþ´́́������±±±ÏÏÏ§§§---
ωt = x§§§KKK²²²LLL���666���¤¤¤���µµµ

E(x) = a0 +

∞∑
k=1

(ak cos kx + bk sin kx) ,

ÙÙÙ¥¥¥XXXêêê

a0 =
1

2π

∫ π

−π

f (x) dx =
E0

π

∫ π

0
sin x dx

=
E0

π
(− cos x)

∣∣∣π
0
=

2E0

π

ak =
1
π

∫ π

−π

f (x) cos kx dx
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=
1
π

∫ 0

−π

E(− sin x) cos kx dx +
1
π

∫ π

0
E0 sin x cos kx dx

=
2
π

∫ π

0
E0 sin x cos kx dx

=
2
π

∫ π

0

E0

2
[sin(kx + x) − sin(kx − x)] dx

= −
E0

π

[
cos(k + 1)x

k + 1
−

cos(k − 1)x
k − 1

]π
0

=

{
0 , (���k���ÛÛÛêêê���, ���k , 1).

4E0
π(1−k2) , (���k���óóóêêê���).

���k = 1���§§§

a1 =
2
π

∫ π

0
E0 sin x cos x dx =

E0

π

∫ π

0
sin2 2x dx = 0,

qqq---k = 2n���§§§KKK

ak = a2n =
4E0

π(1 − 4n2)
, n = 1, 2, 3, · · ·
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ÓÓÓnnn§§§���±±±OOO������bk

bk =
1
π

∫ π

−π

f (x) sin kx dx =
2
π

∫ π

0
E0 sin x sin kx dx = 0.

¤¤¤±±±

E(t) = a0 +

∞∑
n=1

an cos 2nx = a0 +

∞∑
n=1

an cos 2nωt

=
2E0

π
+

4E0

π

∞∑
n=1

cos 2nωt
1 − 4n2 .

:~~~­­­(P.92§§§2)òòòççç¸̧̧ÅÅÅÐÐÐ��� Fourier???êêê©©©333 ( 0, T )ùùù���±±±ÏÏÏþþþ§§§
TTTççç¸̧̧ÅÅÅ���LLL��� f (x) = x/3©©©

)))µµµççç¸̧̧ÅÅÅ���±±±ÏÏÏ��� T©©©---

2l = T ,
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���

l =
T
2
,

òòò l���\\\±±± 2l���±±±ÏÏÏ��� Fourier???êêêÚÚÚ FourierXXXêêêLLL���ªªª===������···
ÜÜÜ���KKK Fourier???êêêÚÚÚ FourierXXXêêêLLL���ªªªµµµ

f (x) = a0 +

∞∑
n=1

(
an cos

2nπ
T

t + bn sin
2nπ
T

t
)
.

FourierXXXêêê���OOO���XXXeeeµµµ

a0 =
1
T

∫ T

0
f (t) dt =

1
T

∫ T

0

1
3

x · dx

=
1

3T
·

1
2

x2 ∣∣T
0 =

T
6
,

an =
2
T

∫ T

0
f (t) cos

2nπ
T

t dt
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=
2
T

∫ T

0

1
3

x cos
2nπ
T

xdx ,

AAA^̂̂ÈÈÈ©©©úúúªªªµµµ∫
x cos Px dx =

1
P2 cos Px +

x
P

sin Px

an =
2
T
·

1
3

[
1(2nπ
T

)2
cos

2nπ
T

x +
x

2nπ
T

sin
2nπ
T

x

]T

0

=
2

3T

(
T

2nπ

)2 [
cos

2nπ
T

x +
2nπ
T

x sin
2nπ
T

x
]T

0
= 0 ,

bn =
2
T

∫ T

0
f (t) sin

2nπ
T

t dt =
2
T

∫ T

0

1
3

x sin
2nπ
T

x dx
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=
2
T
·

1
3

[
1(2nπ
T

)2 sin
2nπ
T

x −
x

2nπ
T

cos
2nπ
T

x

]T

0

=
2

3T

(
T

2nπ

)2 [
sin

2nπ
T

x −
2nπ

t
x cos

2nπ
T

x
]T

0

= −
T

3nπ
,

f (x) =
T
6
−

∞∑
n=1

T
3nπ

sin
2nπ
T

x .

:~~~®®®(P.92§§§4(1))òòò¼¼¼êêê f (x) = cos3 x.ÐÐÐ���Fourier???êêê©©©

)))µµµ���UUUÖÖÖþþþ���IIIOOO���{{{ÐÐÐmmm©©©ddd			§§§������--- t = eix���rrr f (x)
zzz��� t ���kkknnn©©©ªªª§§§ÐÐÐ��� Taylor???êêê���222òòòCCCêêê���£££ x©©©

f (x) = cos3 x =
[

eix + e−ix

2

]3
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=
1
8

[
ei3x + 3eix + 3e−ix + e−i3x]

=
3
4
·

eix + e−ix

2
+

1
4
·

ei3x + e−i3x

2
=

3
4

cos x +
1
4

cos 3x.

555µµµ���KKKÙÙÙ¢¢¢ÒÒÒ´́́nnn������úúúªªªµµµ

cos 3x = 4 cosx
−3 cos x

¤¤¤±±±

f (x) = cos3 x =
3
4

cos x +
1
4

cos 3x.

:~~~¯̄̄(P.92§§§4(3))333 (−π, π)ùùù���±±±ÏÏÏþþþ§§§ f (x) = cos αx§§§(α������
êêê)©©©òòòÙÙÙÐÐÐ���Fourier???êêê©©©
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)))µµµÏÏÏ��� f (x) ´́́óóó¼¼¼êêê§§§¤¤¤±±± bk = 0§§§

f (x) = a0

∞∑
k==1

ak cos kx.

a0 =
1

2π

∫ π

−π

cos αξ dξ =
1

2απ
sin αξ

∣∣∣π
−π
=

sin απ
απ
.

ak =
2
π

∫ π

0
cos αξ cos kξ dξ

=
1
π

∫ π

0
cos(k + α)ξ dξ +

1
π

∫ π

0
cos(k − α)ξ dξ

=
1
π

[
sin(k + α)ξ

k + α
+

sin(k − α)ξ
k − α

]π
0

=
1
π

[
sin(k + α)π

k + α
+

sin(k − α)π
k − α

]
=

1
π
·

1
k + α

[sin kπ cos απ − cos kπ sin απ]
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+
1
π
·

1
k − α

[sin kπ cos απ − cos kπ sin απ]

=
1
π

cos kπ sin απ
[

1
k + α

−
1

k − α

]
=

1
π

(−1)k sin απ ·
−2α

k2 − α2

=
(−1)k+1

π
sin απ ·

2α
k2 − α2 .

¤¤¤±±±

f (x) =
2 sin απ
π

[
1

2α
+

∞∑
k=1

α(−1)k+1

k2 − α2 cos kx

]
.
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������(No.9)
P. 92µµµ
2¶¶¶4(1)!!!4(3)¶¶¶5(1)!!!5(3)
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