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5.3.1 δ¼¼¼êêê
ééé���þþþ mþþþ!!!©©©ÙÙÙ333������ `������ããã [−`/2, `/2]þþþ������¹¹¹§§§ÙÙÙ���þþþ

������ÝÝÝ ρ`(x)���LLL«««���

ρ`(x) =

{
0 , |x| > `/2,
m/`, |x| ≤ `/2,

===ρ`(x) =
m
`

rect
(x
`

)
,ÝÝÝ111óóóÀÀÀ¼¼¼êêê.(5.3-1)

m =
∫ ∞

−∞

ρ`(x)dx =
∫ `/2

−`/2

m
`

dx.

--- ` → 0§§§���   uuu���III���:::���þþþ��� m������:::§§§������ÝÝÝ¼¼¼êêê¤¤¤������:::���
���ÝÝÝ¼¼¼êêê ρ(x)

lim
`→0

∫ ∞

−∞

ρ`(x)dx =
∫ ∞

−∞

ρ(x)dx = m.

������$$$���^̂̂SSS§§§ÈÈÈ©©©ÒÒÒeeekkk

ρ(x) = lim
`→0
ρ`(x) = lim

`→0

m
`

rect
(x
`

)
=

{
0 , (x , 0),
∞, (x = 0).

(5.3-2)
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éééuuu���:::!!!:::>>>ÖÖÖ!!!]]]���åååùùùaaa888¥¥¥uuu���mmm,,,:::½½½���mmm���,,,]]]���

���ÄÄÄ������...§§§äääkkkaaaqqq���AAA:::"""~~~ÚÚÚ\\\ δ¼¼¼êêê���±±±£££ããã

δ(x) =

{
0 , (x , 0),
∞, (x = 0).

(5.3-3)

∫ b

a
δ(x)dx =

{
0, (a, b < 0½½½ > 0),
1, (a < 0 < b).

(5.3-4)

δ¼¼¼êêê���(((���¿¿¿ÂÂÂAAA333ÈÈÈ©©©$$$���eeennn)))µµµδ¼¼¼êêê­­­������“¸̧̧”ÃÃÃ���
ppp§§§���ÙÙÙ“°°°ÝÝÝ”ÃÃÃ���ÄÄÄ§§§­­­���eee���¡¡¡ÈÈÈ´́́kkk������ 1©©©δ¼¼¼êêê´́́222ÂÂÂ¼¼¼
êêê§§§���ÊÊÊÏÏÏ¼¼¼êêêØØØÓÓÓ©©©



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

§5.3. δ¼ê 56/67

kkk


 δ¼¼¼êêê§§§   uuu x0 


���þþþ��� m������:::���������
ÝÝÝ©©©ÙÙÙ��� mδ(x − x0)¶¶¶   uuu x0


>>>þþþ��� q���:::>>>
ÖÖÖ���������ÝÝÝ��� qδ(x − x0)¶¶¶���^̂̂uuu]]]��� t0 


ÀÀÀþþþ

��� K���]]]���ååå��� Kδ(x − x0)©©©

δ(x − x0) =

{
0 , x , x0,

∞, x = x0.

5.3.2 δ¼¼¼êêê������


555���

1. δ ´́́óóó¼¼¼êêê§§§ÙÙÙ���êêê´́́ÛÛÛ¼¼¼êêê

δ(−x) = δ(x),
δ′(−x) = −δ′(x).

(5.3-5)
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2. δ¼¼¼êêê´́́������¼¼¼êêê������������êêê

���. ���. ¼¼¼. êêê. £££Heavisideüüü.    . ¼¼¼. êêê. ¤¤¤½½½. ÂÂÂ. ���. µµµ

H(x) =

{
0, (x < 0),
1, (x > 0).

(5.3-6)

ÏÏÏddd§§§Heavisideüüü   ¼¼¼êêê´́́ δ¼¼¼êêê������¼¼¼êêê

δ(x) =
dH(x)

dx
. (5.3-7)

3. δ¼¼¼êêê���]]]ÀÀÀ555

ééé½½½ÂÂÂ333 (−∞,∞)þþþ���ëëëYYY¼¼¼êêê f (τ)§§§∫ ∞

−∞

f (τ)δ(τ − t0)dτ = f (t0). (5.3-8)

¡¡¡��� δ¼¼¼êêê���]]]ÀÀÀ555§§§ÏÏÏ���§§§rrr¼¼¼êêê f (τ)333::: τ = t0������ f (t0)]]]ÀÀÀ
ÑÑÑ555©©©
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|||^̂̂ δ¼¼¼êêê���]]]ÀÀÀ555½½½ÂÂÂ δ¼¼¼êêêµµµ

eeeéééuuu???¿¿¿½½½ÂÂÂ333 (−∞,∞)þþþ���ëëëYYY¼¼¼êêê f (t)§§§kkk∫ ∞

−∞

δ(t) f (t)dt = f (0)

½½½���������///§§§kkk∫ ∞

−∞

δ(t − t0) f (t)dt = f (t0)

KKK¡¡¡ δ(t)��� δ¼¼¼êêê©©©

5.3.3 ëëëYYY©©©ÙÙÙþþþÚÚÚ±±±YYY���^̂̂þþþ��� δ¼¼¼êêêLLL«««
===¦¦¦´́́ëëëYYY©©©ÙÙÙ������þþþ!!!>>>ÖÖÖ½½½±±±YYY���^̂̂���ååå������^̂̂ δ¼¼¼êêêLLL

ÑÑÑ©©©yyy333^̂̂lll t = a±±±YYY���^̂̂��� t = b������^̂̂ååå f (t)\\\±±±`̀̀²²²©©©rrr���
mmm«««mmm [a, b]yyy©©©���NNNNNNõõõõõõ���ããã§§§333,,,���lll τ��� τ + dτ���ááá���mmmããã
þþþ§§§ååå f (t)���ÀÀÀþþþ´́́ f (τ)dτ§§§QQQ,,, dτéééááá§§§ØØØ���òòòùùùãããááá���mmmþþþ���
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���^̂̂åååwww���]]]���ååå§§§PPP��� f (τ)δ(t − τ)©©©ùùùNNNNNNõõõõõõccc������UUU���]]]���ååå
���oooOOOÒÒÒ´́́±±±YYYååå f (t)§§§===

f (t) =
∑
τ

f (τ)δ(t − τ)dτ =
∫ b

a
f (τ)δ(t − τ)dτ. (5.3-9)

δ¼¼¼êêê���,,,������vvvkkkÊÊÊÏÏÏ¿¿¿ÂÂÂeee���¼¼¼êêê���§§§���§§§���???ÛÛÛ������ëëëYYY

¼¼¼êêê���¦¦¦ÈÈÈ333 (−∞,∞)þþþ���ÈÈÈ©©©%%%kkk(((½½½������©©©

5.3.4 δ¼¼¼êêê´́́���«««222ÂÂÂ¼¼¼êêê∗

ddd(5.3-3)ÚÚÚ(5.3-4)½½½ÂÂÂ��� δ¼¼¼êêêwww,,,ØØØ´́́ÏÏÏ~~~¿¿¿ÂÂÂ���¼¼¼êêê©©©<<<���
yyy������§§§´́́222ÂÂÂ¼¼¼êêê©©©äääNNN///`̀̀§§§δ¼¼¼êêê´́́,,,«««ÏÏÏ~~~¼¼¼êêêXXX������444

���§§§


ùùù444���´́́333ÈÈÈ©©©¿¿¿ÂÂÂþþþ`̀̀���©©©~~~XXX§§§���±±±yyy²²²£££ÑÑÑ§§§P.109¤¤¤µµµ

δ(x) = lim
t→0

1
`

rect
(x
`

)
, (5.3-10)

δ(x) = lim
k→∞

1
π

sin kx
x
, (5.3-11)



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

§5.3. δ¼ê 60/67

δ(x) = lim
ε→0

1
π

ε

ε2 + x2 . (5.3-12)

5.3.5 δ¼¼¼êêê��� FourierCCC���
UUUììì(5.2-14)ÚÚÚ(5.2-15)���rrr δ¼¼¼êêêLLL���EEEêêê///ªªª���FFFppp���ÈÈÈ©©©§§§

δ(x) =
∫ ∞

−∞

C(ω)eiωxdω.

FourierCCC������

C(ω) =
1

2π

∫ ∞

−∞

δ(x)e−iωxdx =
1

2π
. (5.3-13)

¤¤¤±±±§§§δ¼¼¼êêê��� FourierÈÈÈ©©©���

δ(x) =
1

2π

∫ ∞

−∞

eiωxdω. (5.3-14)

ddd δ¼¼¼êêê��� FourierÈÈÈ©©©ªªª������ÑÑÑªªª(5.3-11)ÚÚÚ(5.3-12)©©©

δ¼¼¼êêê��� FourierÈÈÈ©©©ÚÚÚCCC���ªªªAAAnnn)))���222ÂÂÂ FourierÈÈÈ©©©ÚÚÚCCC
���—^̂̂��� δ¼¼¼êêê½½½ÂÂÂéééAAA���ÏÏÏ~~~¼¼¼êêê��� FourierÈÈÈ©©©ÚÚÚCCC������444���LLL
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«««©©©

~

~~~

:~~~¬¬¬OOO��� 1
rδ(r − c)���nnn­­­ FourierCCC���§§§ùùùppp r ´́́¥¥¥���III¥¥¥���444

»»»§§§


 c ´́́���¢¢¢êêê©©©

)))µµµ^̂̂ªªª(5.2-26)§§§1
rδ(r − c)���nnn­­­ FourierCCC������

F

[
1
r
δ(r − c)

]
=

1
(2π)3/2

$ ∞

−∞

1
r
δ(r − c)e−i~k·~rdxdydz.

|||^̂̂¥¥¥���IIIOOO���dddÈÈÈ©©©§§§±±± ~r���������������¥¥¥���IIIXXX���444¶¶¶������

F

[
1
r
δ(r − c)

]
=

1
(2π)3/2

∫ ∞

r=0

∫ π

θ=0

∫ 2π

ϕ=0

1
r
δ(r − c)e−ikr cos θr2 sin θdrdθdϕ

=
1

(2π)2

∫ ∞

r=0

∫ π

θ=0
δ(r − c)e−ikr cos θrd(− cos θ)dr

=
1

(2π)2

∫ ∞

r=0
δ(r − c)

1
ik

(
eikr
− e−ikr) dr
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=
1

(2π)2
1
ik

(
eikc
− e−ikc) .

:~~~­­­¦¦¦ δ¼¼¼êêêÚÚÚ~~~���¼¼¼êêê 1��� FourierCCC���©©©

)))µµµddd δ¼¼¼êêê���½½½ÂÂÂ999 FourierCCC������½½½ÂÂÂ§§§lll///ªªªþþþ������

δ(ω) = F [δ(x)] =
1

2π

∫ ∞

−∞

δ(x)e−iωxdx =
1

2π
e−iωx

|x=0 =
1

2π
ÏÏÏddd§§§

δ(x) = F−1[
1

2π
] =

1
2π

∫ ∞

−∞

1 · eiωxdω =
1

2π

∫ ∞

−∞

eiωxdω

uuu´́́

F [1] =
1

2π

∫ ∞

−∞

e−iωxdx =
1

2π

∫ ∞

−∞

e−iωxdx =
1

2π

∫ ∞

−∞

eiωtdt = δ(ω)

ÓÓÓnnn

F [δ(x − x0)] =
1

2π

∫ ∞

−∞

δ(x − x0)e−iωxdx =
1

2π
e−iωx ∣∣x=x0 =

1
2π

e−iωx0

ÏÏÏddd§§§δ(x)ÚÚÚ δ(x − x0)��� FourierCCC���©©©OOO��� 1
2π ÚÚÚ

1
2πe
−iωx0©©©
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:~~~®®®¦¦¦���uuu¼¼¼êêê sin ax��� FourierCCC���©©©

)))µµµ

F(ω) =F [ f (x)] =
∫ ∞

−∞

e−iωx sin axdx =
∫ ∞

−∞

eiax − e−iax

2i
e−iωxdx

=
1
2i

∫ ∞

−∞

[
e−i(ω−a)x

− e−i(ω+x)] dx

=
1
2i

[
2πδ(ω − a) − 2πδ(ω + a)

]
= iπ [δ(ω + a) − δ(ω − a)] .

:~~~¯̄̄£££P.113§§§1¤¤¤���yyy §5.2~~~ 2���ªªªÌÌÌ B(ω) (ããã5-4)uuu N → ∞���ÒÒÒ
¤¤¤��� Aδ(ω − ω0) − Aδ(ω + ω0)§§§¿¿¿)))ºººùùù(((JJJ���ÔÔÔnnn¿¿¿ÂÂÂ©©©

)))µµµÏÏÏ���

B(ω) =
2Aω0

π(ω2 − ω2
0)

sin
(
ω

ω0
N2π

)
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=
A
π

sin
(
ω
ω0

N2π
)

ω − ω0
−

A
π

sin
(
ω
ω0

N2π
)

ω + ω0

=
A
π

sin
[

2πN
ω0

(ω − ω0)
]

ω − ω0
−

A
π

sin
[

2πN
ω0

(ω + ω0)
]

ω + ω0

��� N → ∞���§§§=== 2πN
ω0
→ ∞§§§ùùù���kkk������uuuÅÅÅ���¤¤¤���ÃÃÃ������uuuÅÅÅ

���©©©




B(ω) = A lim
N→∞

1
π

sin
[

2πN
ω0

(ω − ω0)
]

ω − ω0
− A lim

N→∞

1
π

sin
[

2πN
ω0

(ω + ω0)
]

ω + ω0
= Aδ(ω − ω0) − Aδ(ω + ω0).

¤¤¤±±±

lim
k→∞

1
π

sin kx
x
= δ(x).

¤¤¤±±±§§§éééuuuÃÃÃ������uuuÅÅÅ���§§§§§§���ªªªÌÌÌ¤¤¤���üüü^̂̂���§§§���^̂̂   uuu

ω = ω0???§§§,,,���^̂̂   uuu ω = −ω0???§§§���ÄÄÄ¤¤¤���üüü������ªªªÇÇÇ ω������
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ÄÄÄ©©©

:~~~°°°£££P.113§§§2¤¤¤rrr δÐÐÐ���¢¢¢êêê///ªªª��� ForuierÈÈÈ©©©©©©

)))µµµÏÏÏ��� δ ´́́óóó¼¼¼êêê§§§§§§��� ForuierÈÈÈ©©©���LLL«««���µµµ

δ(x) =
∫ ∞

0
A(ω) cosωx dω,






A(ω) =
1
π

∫ ∞

−∞

δ(x) cosωx dx

=
1
π

cos(ω · 0) =
1
π
.

¤¤¤±±±

δ(x) =
1
π

∫ ∞

0
cosωx dω,

½½½

δ(x) =
1

2π

∫ ∞

−∞

eiωx dω
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=
1

2π

[∫ ∞

−∞

cosωx dω + i
∫ ∞

−∞

sinωx dω
]

=
1

2π

∫ ∞

−∞

cosωx dω =
1
π

∫ ∞

0
cosωx dω.

5.3.6 õõõ��� δ¼¼¼êêê
kkk������¬¬¬������õõõ������ δ¼¼¼êêê§§§~~~XXX333nnn������mmm���III���:::������:::§§§

ÙÙÙ���ÝÝÝ¼¼¼êêêÒÒÒ���LLL��� mδ(~r)§§§ÙÙÙ¥¥¥ δ(~r)½½½ÂÂÂXXXeeeµµµ

δ(x) =

{
0 , (~r , 0),
∞, (~r = 0).$ ∞

−∞

δ(~r)dxdydz = 1.

ùùù������nnn��� δ¼¼¼êêê      ^̂̂nnn��������� δ¼¼¼êêê���¦¦¦ÈÈÈLLL«««

δ(~r) = δ(x)δ(y)δ(z).
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������(No.11)
P. 113µµµ
1¶¶¶2¶¶¶
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