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§6.2 LaplaceCCC���
LaplaceCCC���~~~^̂̂uuuÐÐÐ���¯̄̄KKK§§§===®®®���,,,���ÔÔÔnnnþþþ333ÐÐÐ©©©������

t = 0������ f (0)§§§


¦¦¦)))§§§333ÐÐÐ©©©������������CCCzzz���¹¹¹ f (t)©©©���uuu333ÐÐÐ©©©
���������ccc������§§§···���ØØØaaa,,,���§§§���±±±---ÙÙÙ���"""§§§=== f (t) = 0, t < 0©©©

éééuuu½½½ÂÂÂ333 (0,∞)þþþ���¼¼¼êêê§§§¿¿¿ØØØ÷÷÷vvv FourierÈÈÈ©©©ÚÚÚCCC������^̂̂
���©©©NNNooo���QQQ©©©

���{{{ ���{{{\\\óóóØØØ÷÷÷vvv FourierCCC���^̂̂������¼¼¼êêê§§§¦¦¦ÙÙÙ÷÷÷vvv FourierCCC
���^̂̂���§§§lll


^̂̂ FourierCCC���¶¶¶

\\\óóó {{{øøø FourierCCC������333555���üüü���������^̂̂���µµµ
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1 ddd Heaviside¼¼¼êêê H(t)���AAA:::§§§���EEE÷÷÷vvv Dirichlet ^̂̂������¼¼¼
êêê

f (t)H(t) =

{
0 , t < 0,
f (y), t > 0.

(6.2-1)

2 ^̂̂���êêê¼¼¼êêê e−σt (σ > 0)��� t → ∞���¯̄̄���PPP~~~���AAA:::§§§���EEE
÷÷÷vvvýýýééé���ÈÈÈ^̂̂������¼¼¼êêê

g(t) = f (t)H(t)e−σt, (−∞ < t < ∞). (6.2-2)

e−σt ¡¡¡���ÂÂÂñññÏÏÏfff©©©éééuuu¢¢¢SSS¯̄̄KKK§§§������ σvvv


���§§§������yyy

þþþ¡¡¡���EEE���¼¼¼êêê g(t) ´́́ýýýééé���ÈÈÈ���©©©lll


���ééé\\\óóó������¼¼¼êêê
g(t)???111 FourierCCC���©©©

G(ω) =
1

2π

∫ ∞

−∞

g(t)e−iωtdt =
1

2π

∫ ∞

−∞

f (t)H(t)e−σte−iωtdt
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=
1

2π

∫ ∞

0
f (t)e−(σ+iω)tdt.

---

p = σ + iω, f̄ (p) = 2πG(ω),

KKK

f̄ (p) =
∫ ∞

0
f (t)e−ptdt. (6.2-3)

ùùùÒÒÒ´́́¼¼¼êêê f (t)��� LaplaceCCC���§§§mmm>>>���ÈÈÈ©©©¡¡¡��� LaplaceÈÈÈ©©©§§§e−pt

¡¡¡��� LaplaceCCC������ØØØ©©©
~

½½½. ÂÂÂ. µµµ���¼¼¼êêê f (t) ´́́½½½ÂÂÂ333 (0,∞)þþþ���¢¢¢£££EEE¤¤¤¼¼¼êêê§§§XXXJJJÈÈÈ©©©∫ ∞

0
f (t)e−ptdt, p = σ + iω
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333 p���,,,���«««���SSSÂÂÂñññ§§§KKKddddddÈÈÈ©©©(((½½½


������EEECCCêêê���EEE���¼¼¼êêê
f̄ (t) —LaplaceCCC���

f̄ (p) =
∫ ∞

0
f (t)e−ptdt.

dddªªª(6.2-2)LLL«««��� FourierCCC������___CCC���§§§kkk

g(t) =
∫ ∞

−∞

G(ω)eiωtdω =
∫ ∞

−∞

1
2π

f̄ (σ + iω)eiωtdω

f (t) =
1

2π

∫ ∞

−∞

f̄ (σ + iω)e(σ+iω)tdω

f (t) =
1

2πi

∫ σ+i∞

σ−i∞
f̄ (p)eptdp. (6.2-4)

þþþªªª¥¥¥ p = σ + iω, dω = 1
i dp.

ªªª(6.2-4)AAAnnn)))���

f (t) =
1

2πi
lim
ω→∞

∫ σ+iω

σ−iω
f̄ (p)eptdp.
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ªªª(6.2-4)¡¡¡��� Laplace___CCC���½½½ LaplaceCCC���������üüü—Riemann-Mellin
���üüüúúúªªª©©©
~

LaplaceCCC. ���. ÚÚÚ. Laplace___. CCC. ���. ~~~. PPP. ���.
f̄ (p) =L [ f (t)], (6.2-5)

f (t) =L −1[ f̄ (p)]. (6.2-6)

½½½���ddd///

f̄ (p) : f (t), (6.2-7)

f (t) ; f̄ (p). (6.2-8)
~

555. ¿¿¿. µµµ���. ¼¼¼. êêê. þþþ. AAA. nnn. ))). ���. f (t)H(t)§§§333. ___. CCC. ���. ¥¥¥. ccc. ÙÙÙ. ���. 555. ¿¿¿. ddd. :::. ©©©

6.2.1 LaplaceCCC���������333555∗

LaplaceÈÈÈ©©©ÚÚÚCCC���������333^̂̂���´́́µµµ
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1 333 0 ≤ t < ∞���???���kkk���«««mmmþþþ§§§ØØØ


kkkkkk������111���aaammmäää:::
			§§§¼¼¼êêê999ÙÙÙ���êêê??????ëëëYYY¶¶¶

2 ���333~~~êêê M > 0ÚÚÚ σ ≥ 0§§§¦¦¦ééé???ÛÛÛ t ���£££0 ≤ t < ∞¤¤¤§§§kkk

| f (t)| < Meσt. (6.2-9)

þþþªªª���¿¿¿ggg´́́ f (t)���OOO������ÝÝÝØØØ���LLL���êêê¼¼¼êêê§§§ùùù������¼¼¼êêê¡¡¡
������êêê???¼¼¼êêê©©©σ���eee...¡¡¡���ÂÂÂñññ���III§§§^̂̂ σ0 LLL«««©©©¢¢¢SSSAAA^̂̂

¥¥¥§§§���õõõêêê¼¼¼êêê÷÷÷vvvddd¿¿¿©©©^̂̂���©©©

~

~~~

:~~~¬¬¬¦¦¦ Heaviside¼¼¼êêê��� LaplaceCCC���§§§===L [1]��� LaplaceCCC���©©©

)))µµµ

L [H(t)] = H̄(p) =
∫ ∞

0
e−ptdt = −

1
p

e−pt ∣∣t=∞
t=0 ,
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∵
∣∣e−pt∣∣ = ∣∣e−(σ+iω)t∣∣ = e−σt,

∴===��� σ = Rep > 0���§§§limt→∞ e−pt ���333������"""§§§¤¤¤±±±

H̄(p) =
1
p
, (Rep > 0).

:~~~­­­¦¦¦ δ¼¼¼êêê δ(t)ÚÚÚ δ(t − τ)��� LaplaceCCC���L [δ(t)]ÚÚÚ
L [δ(t − τ)]©©©

)))µµµ

L [δ(t)] =
∫ ∞

0
δ(t)e−ptdt =

∫ ∞

0−
δ(t)e−ptdt

=

∫ 0+

0−
δ(t)e−ptdt =

∫ ∞

−∞

δ(t)e−ptdt

= e−pt
|t=0 = 1.

L [δ(t − τ)] =
∫ ∞

0
δ(t − τ)e−ptdt =

∫ ∞

0−
δ(t − τ)e−ptdt
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=

∫ 0+

0−
δ(t − τ)e−ptdt =

∫ ∞

−∞

δ(t − τ)e−ptdt

= e−pt
|t=τ = e−pτ.

===

L [δ(t)] = 1, L [δ(t − τ)] = e−pτ.

:~~~®®®¦¦¦L [t]©©©

)))µµµ333 Rep > 0���þþþ���²²²¡¡¡þþþ§§§

L [t] =
∫ ∞

0
te−ptdt = −

1
p

∫ ∞

0
td

(
e−pt)

= −
1
p

[
t
(
e−pt)]∞

0 +
1
p

∫ ∞

0
e−ptdt

=
1
p

∫ ∞

0
e−ptdt =

1
p2 ,
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¤¤¤±±±

L [t] =
1
p2 , (Rep > 0).

ÓÓÓnnn

L [tn] =
n!

p(n + 1)
, (Rep > 0).

:~~~¯̄̄¦¦¦L
[
est

]
ÚÚÚL

[
test

]
, s���~~~êêê©©©

)))µµµ333 Rep > Res���þþþ���²²²¡¡¡þþþ§§§

L
[
est] = ∫ ∞

0
este−ptdt =

∫ ∞

0
e−(p−s)tdt = −

1
p − s

[
e−(p−s)t]∞

0 =
1

p − s
.

¤¤¤±±±

L
[
est] = 1

p − s
, (Rep > Res).

aaaqqq///

L
[
test] = ∫ ∞

0
teste−ptdt =

∫ ∞

0
te−(p−s)td = −

1
p − s

∫ ∞

0
td

[
e−(p−s)t]
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= −
1

p − s

{[
te−(p−s)t]∞

0 −

∫ ∞

0
e−(p−s)tdt

}
=

1
(p − s)2 , (Rep > Res).

ÓÓÓnnn

L
[
tnest] = n!

(p − s)n+1 .

:~~~°°°¦¦¦L [t f (t)]§§§ÙÙÙ¥¥¥ f (t) ´́́���333 LaplaceCCC������???¿¿¿¼¼¼êêê©©©

)))µµµòòò LaplaceCCC������½½½ÂÂÂªªª(6.2-3)§§§üüü>>>©©©OOOééé p¦¦¦���§§§
d f̄ (t)

dp
=

∫ ∞

0
(−t)e−pt f (t)dt,

lll




t f (t) ; (−1)
d f̄ (p)

dp
.
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±±±dddaaaííí§§§kkk

tn f (t) ; (−1)
dn

dp
f̄ (p).

6.2.2 LaplaceCCC������ÄÄÄ���555���
: LaplaceCCC���(((½½½���¼¼¼êêê f̄ (p)333 Rep = σ > σ0���þþþ���²²²¡¡¡þþþýýýééé���

'''uuu p������ÂÂÂñññ§§§´́́)))ÛÛÛ¼¼¼êêê©©©(


))))
yyy²²²ÑÑÑ£££P.118¤¤¤

:��� |p| → ∞§§§


 Argp ≤ π
2 − ε (ε > 0)���§§§ f̄ (p)���333§§§���÷÷÷vvv(


))))

lim
p→∞

f̄ (p) = 0. (6.2-10)

yyy²²²ÑÑÑ£££P.119¤¤¤

ØØØ


,,,


ÛÛÛÉÉÉ:::			§§§���¼¼¼êêê f̄ (p)~~~~~~���±±±)))ÛÛÛòòòÿÿÿ������²²²¡¡¡þþþ
���§§§���¼¼¼êêê���)))ÛÛÛ555���333 LaplaceCCC������nnnØØØ¥¥¥kkk­­­���¿¿¿ÂÂÂ©©©(


))))
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1. ���555½½½nnn

XXXJJJ f1(t) ; f̄1(p), f2(t) ; f̄2(p)§§§KKK

c1 f1(t) + c2 f2(t) ; c1 f̄1(p) + c2 f̄2(p). (6.2-11)

yyy²²²µµµdddªªª(6.2-3)§§§kkk

c1 f1(t) + c2 f2(t) ;
∫ ∞

0
[c1 f1(t) + c2 f2(t)]e−ptdt

=

∫ ∞

0
c1 f1(t)e−ptdt +

∫ ∞

0
c2 f2(t)e−ptdt

= c1 f̄1(p) + c2 f̄2(p).

:~~~±±±¦¦¦L [sinωt],ω���~~~êêê©©©

)))µµµ

sinωt =
1
2i

(
eiωt
− e−iωt) ,
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L [sinωt] =L

[
1
2i

(
eiωt
− e−iωt)] = 1

2i
L

[
eiωt]

−
1
2i

L
[
e−iωt]

=
1
2i

[
1

p − iω
−

1
p + iω

]
=

ω

p2 + ω2 , (Rep > 0).

ÓÓÓnnn£££������dddeee¡¡¡������êêê½½½nnn¦¦¦���¤¤¤

L [cosωt] =
p

p2 + ω2 , (Rep > 0).

2. ���êêê½½½nnn

f ′(t) ; p f̄ (p) − f (0). (6.2-12)

yyy²²²

f ′(t) ;
∫ ∞

0
f ′(t)e−ptdt =

∫ ∞

0
e−ptd f

=
[
e−pt f (t)

]∞
0 −

∫ ∞

0
f (t)d

(
e−pt) .
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��� Rep > σ0§§§kkk limt→∞ ept f (t) = 0§§§uuu´́́§§§

f ′(t) ; − f (0) −
∫ ∞

0
f (t)d

(
e−pt) = p

∫ ∞

0
f (t)e−ptdt − f (0)

= p f̄ (p) − f (0), (Rep > σ0).

ííí222���ppp������êêê

f (n)(t) ; pn f̄ (p) − pn−1 f (0) − pn−2 f ′(0) − · · ·

−pf (n−2)(0) − f (n−1)(0). (6.2-13)

3. ÈÈÈ©©©½½½nnn

∫ t

0
ψ(τ)dτ ;

1
p
L [ψ(t)]. (6.2-14)

yyy²²²µµµ���ÄÄÄ¼¼¼êêê f (t) =
∫ t

0 ψ(τ)dτ§§§ééé f (t)AAA^̂̂���êêê½½½nnn(6.2-12),

f ′(t) ; pL [ f (t)] − f (0) = pL [ f (t)],
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ÙÙÙ¥¥¥ f (0) =
∫ 0

0 ψ(τ)dτ = 0©©©
1
p
L [ψ(t)] = L [ f (t)] = L

[∫ t

0
ψ(τ)dτ

]
,

=== ∫ t

0
ψ(τ)dτ ;

1
p
L

[
ψ(t)

]
.

4. ���qqq½½½nnn

f (at) ;
1
a

f̄
( p

a

)
. (6.2-15)

5.    £££½½½nnn

e−λt f (t) ; f̄ (p + λ). (6.2-16)
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±±±þþþüüü^̂̂(((ØØØ������ììì FourierCCC���������///���yyy©©©ddduuu���¼¼¼êêê f (t)

6. òòò´́́½½½nnn

f (t − t0) ; e−pt0 f̄ (p). (6.2-17)

yyy²²²µµµ

f (t − t0) ;
∫ ∞

0
f (t − t0)e−ptdt,

AAAnnn)))��� f (t)H(t)§§§ÏÏÏdddþþþªªª¥¥¥��� f (t − t0)AAAnnn)))���
f (t − t0)H(t − t0)§§§XXXããã6-1¥¥¥���JJJ���LLL«««©©©ÏÏÏ


ÈÈÈ©©©eee 0���UUU��� t0§§§===

f (t − t0) ;
∫ ∞

t0

f (t − t0)e−ptdt.
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UUU^̂̂ ξ = t − t0���OOO t ������ÈÈÈ©©©CCCêêê§§§KKK

f (t − t0) ;
∫ ∞

0
f (ξ)e−p(ξ+t0)dξ = e−pt0

∫ ∞

0
f (ξ)e−pξdξ = e−pt0 f̄ (p).

7. òòòÈÈÈ½½½nnn

eee f1(t) ; f̄1(p), f2(t) ; f̄2(p)§§§KKK

f1(t) ∗ f2(t) ; f̄1(p) f̄2(p), (6.2-18)

ÙÙÙ¥¥¥ f1(t) ∗ f2(t) ≡
∫ t

0 f1(τ) f2(t − τ)dτ§§§¡¡¡��� f1(t)
��� f2(t)���òòòÈÈÈ©©©

yyy²²²µµµ

L [ f1(t) ∗ f2(t)] =
∫ ∞

0
f1(t) ∗ f2(t)e−ptdt

=

∫ ∞

0

[∫ t

0
f1(τ) f2(t − τ)dτ

]
e−ptdt.
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ùùù´́́���­­­ÈÈÈ©©©§§§kkkééé τÈÈÈ©©©§§§222ééé t ÈÈÈ©©©§§§ÈÈÈ©©©«««������ããã6-2¥¥¥���xxx���
«««���©©©UUUCCCÈÈÈ©©©gggSSS§§§kkkééé t 333ééé τÈÈÈ©©©§§§ÈÈÈ©©©������ëëëìììããã6-2(((½½½©©©

L [ f1(t) ∗ f2(t)] =
∫ ∞

0

[∫ ∞

τ

f2(t − τ)e−ptdt
]

f1(τ)dτ.

UUU^̂̂ ξ = t − τOOO��� t ������ÈÈÈ©©©CCCêêê§§§

L [ f1(t) ∗ f2(t)] =
∫ ∞

0

[∫ ∞

0
f2(ξ)e−pξdξ

]
f1(τ)e−pτdτ

=

∫ ∞

0
f1(τ)e−ptdτ

∫ ∞

0
f2(ξ)epξdξ

= f̄1(p) f̄2(p).

:~~~²²²¦¦¦¦¦¦eee���¼¼¼êêê��� LaplaceCCC���¼¼¼êêê©©©£££P.122§§§1¤¤¤

(1) shωt, chωt, (2) e−λt sinωt, e−λt cosωt,

(3)
√

1
πt

, (4) δ(t − τ).
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)))µµµ£££¬¬¬¤¤¤ddd   £££½½½nnnL
[
est

]
= 1

p−s

ϕ1(t) = shωt =
1
2

(
eωt
− e−ωt)

ϕ̄1(p) :
1
2

[
1

p − ω
−

1
p + ω

]
=

ω

p2 − ω2;

ϕ2(t) = chωt =
1
2

(
eωt + e−ωt)

ϕ̄2(p) :
1
2

[
1

p − ω
−

1
p + ω

]
=

ω

p2 − ω2

£££­­­¤¤¤ddd   £££½½½nnn e−λt f (t) ; f̄ (p + λ)ÚÚÚL
[
est

]
= 1

p−s

ϕ3(t) = e−λt sinωt =
1
2i

e−λt (eiωt
− e−iωt)

ϕ̄3(p) :
1
2i

[
1

(p + λ) − iω
−

1
(p + λ) + iω

]
=

ω

(p + λ)2 + ω2;
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ϕ4(t) = e−λt cosωt =
1
2

e−λt (eiωt + e−iωt)
ϕ̄4(p) :

1
2

[
1

(p + λ) − iω
+

1
(p + λ) + iω

]
=

p + λ
(p + λ)2 + ω2 .

£££®®®¤¤¤

ϕ5(t) =
1
√
πt

ϕ̄5(p) =
∫ ∞

0

1
√
πt

e−pt dt,

eee--- t = x2, dt = 2x dx§§§KKK

ϕ̄5(p) =
∫ ∞

0

1
√
π

1
x

e−px2
· 2x dx

=
2
√
π

∫ ∞

0
e−px2

dx
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=
2
√
π

∫ ∞

0

1
√p

e−px2
d(
√

px)

=
2
√
πp

∫ ∞

0
e−y2

dy

=
2
√
πp
·

√
π

2
=

1
√p

.

£££¯̄̄¤¤¤dddòòò´́́½½½nnn f (t − t0) ; e−pt0 f̄ (p)

L [δ(t − τ)] = e−pτL [δ(t)] = e−pτ
∫ ∞

0
δ(t)e−pt dt

= e−pτ
∫ +∞

−∞

δ(t)e−pt dt

= e−pτe−pt∣∣
t=0 = e−pτ
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������(No.12)
P. 122µµµ1(1)—1(4)

END
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