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½½½)))¯̄̄KKKqqqXXXÛÛÛ¦¦¦)))QQQºººddduuu½½½)))¯̄̄KKK´́́���555���§§§???nnn������KKK´́́|||^̂̂
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8.3.1 ���������{{{
:~~~¬¬¬gggddd���ÄÄÄ¯̄̄KKK

ut t − a2uxx = 0, (8.3-1)

u|x=0 = µ(t), u|x=l = ν(t), (8.3-2)

u|t=0 = ϕ(x), ut|t=0 = ψ(x). (8.3-3)
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>>>...^̂̂���(8.3-2)´́́���àààggg���©©©ÀÀÀ���������¼¼¼êêê v(x, t)§§§¦¦¦ÙÙÙ÷÷÷vvv���àààggg
>>>...^̂̂���(8.3-2)§§§���


{{{üüüååå���§§§ØØØ������ v(x, t)��� x������555¼¼¼êêê§§§===

v(x, t) = A(t)x + B(t). (8.3-4)

òòòªªª(8.3-4)���\\\(8.3-2)§§§)))���

v(x, t) =
[
ν(t) − µ(t)

]
l

x + µ(t). (8.3-5)

|||^̂̂UUU\\\���nnn§§§---

u(x, t) = v(x, t) + w(x, t), (8.3-6)

òòò(8.3-5)!!!(8.3-6)���\\\½½½)))¯̄̄KKK(8.3-1)***(8.3-3)§§§��� w(x, t)���½½½)))¯̄̄KKK

wt t − a2wxx = −vt t + a2vxx = −
[
µ′′(t) − ν′′(t)

]
− µ′′(t), (8.3-7)

w|x=0 = 0, w|x=l = 0, (8.3-8)

w|t=0 = ϕ(x) − v|t=0 = ϕ(x) +
1
l
[
µ(0) − ν(0)

]
− µ(0),

wt|t=0 = ψ(x) − vt|t=0 = ψ(x) +
1
l
[
µ′(0) − ν′(0)

]
− µ′(0). (8.3-9)
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���,,, w(x, t)������§§§(8.3-7)���EEE´́́���àààggg���§§§���´́́§§§½½½)))¯̄̄
KKK(8.3-7)***(8.3-9)äääkkkàààggg>>>...^̂̂���§§§���UUU § 8.2¦¦¦)))©©©

III���AAAOOO���ÑÑÑ§§§x = 0ÚÚÚ x = lüüüàààÑÑÑ´́́111���aaa���àààggg>>>...^̂̂���
wx|x=0 = µ(t),wx|x=l = ν(t)������¹¹¹©©©XXXJJJEEEUUU(8.3-4)��� x������555¼¼¼êêê���
��� v§§§KKK���\\\���àààggg>>>...^̂̂������

vx|x=0 = A(t) = µ(t), vx|x=l = A(t) = ν(t).

ØØØ��� µ(t) = ν(t)§§§ÄÄÄKKKùùùüüüªªªppp���gggñññ©©©ùùù���ØØØ���UUUÁÁÁ

v(x, t) = A(t)x2 + B(t)x. (8.3-10)

8.3.2 AAAÏÏÏ???nnn���{{{
:~~~uuu��� x = 0ààà���½½½§§§x = làààÉÉÉ½½½���������ÄÄÄ A sinωx§§§uuu���ÐÐÐ©©©
   £££ÚÚÚÐÐÐ©©©���ÝÝÝÑÑÑ´́́"""§§§¦¦¦uuu������ÄÄÄ©©©ùùù���½½½)))¯̄̄KKK´́́
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ut t − a2uxx = 0, 0 < x < l (8.3-11)

u|x=0 = 0, u|x=l = A sinωx, (8.3-12)

u|x=0 = 0, ut|t=0 = 0. (8.3-13)

x = lààà������àààggg>>>...^̂̂���©©©

XXXJJJUUUþþþããã������???nnn���{{{§§§AAA��� v(x, t) = (A sinωt/l)x§§§���´́́§§§
���AAA��� w(x, t)���½½½)))¯̄̄KKK¥¥¥���½½½���§§§���
wt t − a2wxx = −(vt t − a2

xx) = (Aω2x/l) sinωt§§§´́́���àààggg���§§§§§§¦¦¦)))æææ
���©©©UUUÄÄÄkkk������{{{BBB������{{{QQQººº

ddduuu¦¦¦)))���´́́uuu333 x = làààÉÉÉ½½½���������ÄÄÄ sinωt ���¹¹¹eee������ÄÄÄ§§§
§§§���½½½kkk������AAA))) v(x, t)§§§÷÷÷vvvàààggg���§§§(8.3-11)!!!���àààggg>>>...^̂̂
���(8.3-12)§§§������ x = làààÓÓÓÚÚÚ���ÄÄÄ§§§===ÙÙÙ���mmmÜÜÜ©©©���¼¼¼êêê½½½���
sinωt§§§ÒÒÒ´́́`̀̀§§§AAA)))äääkkk©©©lllCCCêêê���///ªªª
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v(x, t) = X(x) sinωt. (8.3-14)

òòòªªª(8.3-14)���\\\(8.3-11)!!!(8.3-12)§§§���

X′′ +
(
ω2

a

)
X = 0, (8.3-15)

X(0) = 0, X(l) = A. (8.3-16)

òòò~~~���©©©���§§§(8.3-15)���))) X(x) = C cos(ωx/a) + D sin(ωx/a)���
\\\(8.3-16)§§§dddddd(((½½½ X(x) = [A/ sin(ωl/a)] sin(ωx/a)§§§lll

v(x, t) =
A

sin ωl
a

sin
ωx
a

sinωt. (8.3-17)

uuu´́́---

u(x, t) = v(x, y) + w(x, t), (8.3-18)

òòòªªª(8.3-17)!!!(8.3-18)���\\\(8.3-11)***(8.3-13)§§§��� w(x, t ���½½½)))¯̄̄KKK

wt t − a2wxx = −
(
vt t − a2vxx

)
= 0, (8.3-19)
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w|x=0, w|x=l = 0, (8.3-20)

w|t=0 = 0, wt|t=0 = −Aω
sinωx/a
sinωl/a

. (8.3-21)

½½½)))¯̄̄KKK(8.3-19)***(8.3-21)���àààggg���§§§!!!àààggg>>>...^̂̂���§§§���^̂̂©©©lllCCC
���{{{¦¦¦)))§§§ÙÙÙ������)))ddd(8.1-14)���ÑÑÑ§§§ÏÏÏddd§§§

w(x, t) =
∞∑

n=1

(
An cos

nπa
l

t + Bn sin
nπa

l
t
)

sin
nπ
l

x,

ÙÙÙ¥¥¥XXXêêê AnÚÚÚ Bn���UUU(8.1-16)OOO���§§§���

bn =
2

nπa

∫ l

0
−Aω

sin(ωξ/a)
sin(ωl/a)

sin
nπξ

l
dξ

=
−2Aω

nπa sin(ωl/a)

[
−

sin(ω/a + nπ/l)ξ
2(ω/a + nπ/l)

+
sin(ω/a − nπ/l)ξ

2(ω/a − nπ/l)

]l

0

=
Aω

nπa sin(ωl/a)

[
sin(ωl/a + nπ)
ω/a + nπ/l

−
(sinωl/a − nπ)
ω/a − nπ/l

]
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= (−1)n2Aω
nπa

·

[
1

ω/a + nπ/l
−

1
ω/a − nπ/l

]
= (−1)n2Aω

al
·

1
ω2/a2 − n2π2/l2 .

ÏÏÏddd

w(x, t) =
2Aω

al

∞∑
n=1

1
ω2/a2 − n2π2/l2 sin

nπat
l

sin
nπx

l
,

u(x, t) = A
sin(ωx/a)
sin(ωl/a)

sinωt

+
2Aω

al

∞∑
n=1

1
ω2/a2 − n2π2/l2 sin

nπat
l

sin
nπx

l
.
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