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§9.1 AAAÏÏÏ¼¼¼êêê~~~���©©©���§§§
9.1.1 Laplace���§§§ ∆u = 0

1. ¥¥¥£££444¤¤¤���IIIXXX

¥¥¥���IIIXXXeee Laplace���ÎÎÎ ∆���LLL���ªªª���333���ÈÈÈ©©©ÆÆÆ������¥¥¥ééé���§§§
lll��� Laplace���§§§333¥¥¥���IIIXXX¥¥¥���LLL���ªªª

1
r2
∂

∂r

(
r2∂u
∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ
∂u
∂θ

)
+

1
r2 sin2 θ

∂2u
∂ϕ2 = 0. (9.1-1)

ÄÄÄkkk§§§}}}ÁÁÁrrrLLL«««ååålll���CCCêêê r���LLL«««���������CCCêêê θÚÚÚ ϕ©©©lll§§§
±±±

u(r, θ,ϕ) = R(r)Y(θ,ϕ)

���\\\(9.1-1)§§§���
Y
r2

d
dr

(
r2dR

dr

)
+

R
r2 sin θ

∂

∂θ

(
sin θ
∂Y
∂θ

)
+

R
r2 sin2 θ

∂2Y
∂ϕ2 = 0.
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^̂̂ r2/RYHHH¦¦¦������¿¿¿···���£££���§§§===���
1
R

d
dr

(
r2dR

dr

)
=
−1

sin θY
∂

∂θ

(
sin θ
∂Y
∂θ

)
−

1
Y sin2 θ

∂2Y
∂ϕ2 .

���>>>´́́ r���¼¼¼êêê§§§��� θÚÚÚ ϕÃÃÃ'''¶¶¶mmm>>>´́́ θÚÚÚ ϕ���¼¼¼êêê§§§��� rÃÃÃ'''©©©
üüü>>>������www,,,´́́ØØØ���UUU���§§§ØØØ���üüü>>>¢¢¢SSSþþþ´́́ÓÓÓ������~~~êêê©©©ÏÏÏ~~~rrrùùù

���~~~êêêPPP��� l(l + 1)§§§
1
R

d
dr

(
r2dR

dr

)
= −

1
sin θY

∂

∂θ

(
sin θ
∂Y
∂θ

)
−

1
Y sin2 θ

∂2Y
∂ϕ2 = l(l + 1).

dddddd���üüü���©©©lllCCCêêê///ªªª������§§§
d
dr

(
r2dR

dr

)
− l(l + 1)R = 0, (9.1-2)

1
sin θY

∂

∂θ

(
sin θ
∂Y
∂θ

)
+

1
Y sin2 θ

∂2Y
∂ϕ2 + l(l + 1)Y = 0, (9.1-3)

~~~���©©©���§§§(9.1-2)���UUU������

r2d2R
dr2 + 2r

dR
dr
− l(l + 1)R = 0,



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

§9.1. AÏ¼ê~�©�§ 5/81

���´́́ Euler...~~~���©©©���§§§§§§§§§���)))´́́

R(r) = Crl + Dr−(l+1). (9.1-4)

   ���©©©���§§§(9.1-3)������¥¥¥¼¼¼êêê���§§§©©©

???���ÚÚÚ©©©lllCCCêêê§§§±±±

Y(θ,ϕ) = Θ(θ)Φ(ϕ)

���\\\¥¥¥¼¼¼êêê���§§§(9.1-3)§§§���
Φ

sin θ
d
dθ

(
sin θ

dΘ
dθ

)
+
Θ

sin2 θ

d2Ψ

dϕ2 + l(l + 1)ΘΦ = 0.

^̂̂ sin2 θ/ΘΦHHH¦¦¦������¿¿¿···���£££���§§§===���

sin θ
Θ

d
dθ

(
sin θ

dΘ
dθ

)
+ l(l + 1) sin2 θ = −

1
Φ

d2Φ

dϕ2 .

���>>>´́́ θ���¼¼¼êêê§§§��� ϕÃÃÃ'''¶¶¶mmm>>>´́́ ϕ���¼¼¼êêê§§§��� θÃÃÃ'''©©©üüü>>>������

www,,,´́́ØØØ���UUU���§§§ØØØ���üüü>>>¢¢¢SSSþþþ´́́ÓÓÓ������~~~êêê©©©rrrùùù���~~~êêêPPP���
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λ§§§

sin θ
Θ

d
dθ

(
sin θ

dΘ
dθ

)
+ l(l + 1) sin2 θ = −

1
Φ

d2Φ

dϕ2 = λ.

dddddd���üüü���©©©lllCCCêêê///ªªª���~~~���©©©���§§§

Φ′′ + λΦ = 0, (9.1-5)

sin θ
d
dθ

(
sin θ

dΘ
dθ

)
+

[
l(l + 1) sin2 θ − λ

]
Θ = 0. (9.1-6)

~~~���©©©���§§§(9.1-5)      ���kkk������vvvkkk���ÑÑÑ555���“ggg. ,,,. ���. ±±±. ÏÏÏ. ^̂̂. ���. ”
Φ(ϕ + 2π) = Φ(ϕ) (ëëëwww § 8.1~~~¯̄̄)©©©~~~���©©©���§§§(9.1-5)ÚÚÚggg,,,���±±±ÏÏÏ
^̂̂������¤¤¤���������¯̄̄KKK©©©���������´́́

λ = m2, m = 0, 1, 2, 3, · · · , (9.1-7)

������¼¼¼êêê´́́

Φ(ϕ) = A cos mϕ + B sin mϕ, m = 0, 1, 2, 3, · · · . (9.1-8)
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222www~~~���©©©���§§§(9.1-6)©©©���âââ(9.1-7)§§§AAArrr(9.1-6)UUU������
1

sin θ
d
dθ

(
sin θ

dΘ
dθ

)
+

[
l(l + 1) −

m2

sin2 θ

]
Θ = 0. (9.1-9)

ÏÏÏ~~~^̂̂

θ = arc cos x, === x = cos θ,

rrrgggCCCêêêlll θ������ x ( x���´́́���LLL cos θ§§§¿¿¿ØØØ´́́���������III)§§§KKK
dΘ
dθ
=

dΘ
dx

dx
dθ
= − sin θ

dΘ
dx
,

1
sin θ

d
dθ

(
sin θ

dΘ
dθ

)
=

1
sin θ

dx
dθ

d
dx

(
− sin2 θ

dΘ
dx

)
=

d
dx

[
(1 − x2)

dΘ
dθ

]
.

���§§§(9.1-9)zzz���
d

dx

[
(1 − x2)

dΘ
dx

]
+

[
l(l + 1) −

m2

1 − x2

]
Θ = 0, (9.1-10)

===

(1 − x2)
d2Θ

dθ2 − 2x
dΘ
dθ
+

[
l(l + 1) −

m2

1 − x2

]
Θ = 0. (9.1-11)
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ùùù������ l���£££m???¤¤¤ëëë��� Legendre���§§§©©©ÙÙÙ m = 0���AAA~~~§§§===

(1 − x2)
d2Θ

dθ2 − 2x
dΘ
dθ
+ l(l + 1)Θ = 0, (9.1-12)

KKK������ l��� Legendre���§§§©©©

'''uuu Legendre���§§§ÚÚÚëëë��� Legendre���§§§���¦¦¦)))��� § 9.2ÚÚÚ §
10.2©©©333@@@pppòòò���www���§§§ Legendre���. §§§. ÚÚÚ. ëëë. ���. Legendre���. §§§.    .    . ÛÛÛ.
¹¹¹. XXX. 333. x = ±1 (===. θ = 0, π )���. “ggg. ,,,. >>>. .... ^̂̂. ���. ”¿¿¿. ���. ¤¤¤. ���. ���. ���. ¯̄̄. KKK. §§§ûûû.
½½½. 


. l���. UUU. ���. ���. êêê. ���. ©©©

2. ÎÎÎ���IIIXXX

ÎÎÎ���IIIXXX Laplace���ÎÎÎ ∆���LLL���ªªªÓÓÓ������333���ÈÈÈ©©©ÆÆÆ������¥¥¥ééé
���§§§lll��� Laplace���§§§333ÎÎÎ���IIIXXX¥¥¥���LLL���ªªª

1
ρ

∂

∂ρ

(
ρ
∂u
∂ρ

)
+

1
ρ2
∂2u
∂ϕ2 +

∂2u
∂z2 = 0. (9.1-13)
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±±±©©©lllCCCêêê���///ªªª)))

u(ρ,ϕ, z) = R(ρ)Φ(ϕ)Z(z)

���\\\(9.1-13)§§§���

ΦZ
d2R
dρ2 +

ZΦ
ρ2

ddR
dρ
+

RZ
ρ2 Φ

′′ + RΦZ′′ = 0.

^̂̂ ρ2/RΦZ HHH¦¦¦������¿¿¿···���£££���§§§===���
ρ2

R
d2R
dρ2 +

ρ

R
dR
dρ
+ ρ2 Z′′

Z
= −
Φ′

Φ
.

���>>>´́́ ρÚÚÚ z���¼¼¼êêê§§§��� ϕÃÃÃ'''¶¶¶mmm>>>´́́ ϕ���¼¼¼êêê§§§��� ρÚÚÚ zÃÃÃ'''©©©
üüü>>>������www,,,´́́ØØØ���UUU���§§§ØØØ���üüü>>>¢¢¢SSSþþþ´́́ÓÓÓ������~~~êêê©©©rrrùùù���~~~

êêêPPP��� λ§§§
ρ2

R
d2R
dρ2 +

ρ

R
dR
dρ
+ ρ2 Z′′

Z
= −
Φ′

Φ
= λ.

dddddd���©©©lllCCCêêê///ªªª���üüü���~~~���©©©���§§§

Φ′′ + λΦ = 0, (9.1-14)
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ρ2

R
d2R
dρ2 +

ρ

R
dR
dρ
+ ρ2 Z′′

Z
= λ. (9.1-15)

~~~. ���. ©©©. ���. §§§. (9.1-14)ÚÚÚ. vvv. kkk. ���. ÑÑÑ. 555. ���. ggg. ,,,. ���. ±±±. ÏÏÏ. ^̂̂. ���.
Φ(ϕ) = Φ(ϕ + 2π)

���. ¤¤¤. ���. ���. ���. ¯̄̄. KKK. ©©©���������ÚÚÚ������¼¼¼êêê´́́

λ = m2, m = 0, 1, 2, 3, · · · , (9.1-16)

Φ(ϕ) = A cos mϕ + B sin mϕ, m = 0, 1, 2, 3, · · · . (9.1-17)

���uuu���§§§(9.1-15)§§§±±±(9.1-16)���\\\§§§^̂̂ 1/ρ2HHH¦¦¦������§§§¿¿¿···���£££������

1
R

d2R
dρ2 +

1
ρ

dR
dρ
−

m2

ρ2 = −
Z′′

z
= −µ.

ùùùÒÒÒ©©©)))���üüü���~~~���©©©���§§§µµµ

Z′′ − µZ = 0, (9.1-18)
d2R
dρ2 +

1
ρ

dR
dρ
+

(
µ −

m2

ρ2

)
R = 0. (9.1-19)
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Keee¡¡¡©©©nnn«««���¹¹¹???ØØØ£££µ = 0, µ > 0, mu < 0¤¤¤©©©

w µ = 0

���§§§ªªª(9.1-19)´́́ Euler���§§§§§§���§§§(9.1-18)ÚÚÚ(9.1-19)���)))´́́

Z = C + Dzm; (9.1-20)

R =

{
E + F ln ρ, m = 0,
Eρm + Fρ−m, m , 0.

(9.1-21)

w µ > 0

éééuuu���§§§(9.1-19)§§§ddd���~~~���������

x =
√
µρ,

rrrgggCCCêêêlll ρCCC������ x£££555¿¿¿ x������LLL √µρ§§§¿¿¿������������III¤¤¤§§§KKK
dR
dρ
=

dR
dx

dx
dρ
=
√
µ

dR
dx
,

d2R
dρ2 =

d
dρ

(
√
µ

dr
dx

)
=

d
dx

(
√
µ

dR
dx

)
dx
dρ
= µ

d2R
dx2 ,
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���§§§zzz���

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0, (9.1-22)

===

x2d2R
dx2 + x

dR
dx
+ (x2 + m2)R = 0.

¡¡¡��� m��� Bessel���§§§©©©

±±±���(§ 11.2)òòò���www���§§§Bessel���§§§NNN\\\±±± ρ = ρ0???(===���»»»���
ρ0������ÎÎÎ���ýýý¡¡¡)���àààggg>>>...^̂̂������¤¤¤���������¯̄̄KKK§§§ûûû½½½ µ������UUUêêê
���(���������)©©©

ùùù������§§§(9.1-18)���)))´́́

Z(z) = Ce
√
µz + De−

√
µz. (9.1-23)

w µ < 0
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PPP −µ = ν2 > 0§§§KKK���§§§(9.1-18)¤¤¤���

Z′′ + ν2Z = 0,

ÙÙÙ)))���

Z(z) = C cos νz + D sin νz. (9.1-24)

···���������§§§eeeééédddNNN\\\±±± z = z1ÚÚÚ z = z2???(===ÎÎÎNNN���þþþeee...¡¡¡)���ààà
ggg>>>...^̂̂���§§§BBB���¤¤¤���������¯̄̄KKK§§§ûûû½½½ ν������UUUêêê���§§§lllûûû½½½ ν2���

���UUUêêê���(���������)§§§���uuu���§§§(9.1-19)§§§±±± µ = −ν2���\\\§§§¿¿¿���������

x = νρ,

KKK���§§§zzz���

d2R
dx2 +

1
x

dR
dx
−

(
1 +

m2

x2

)
R = 0, (9.1-25)

===

x2d2R
dx2 + x

dR
dx
− (x2 + m2)R = 0.
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¡¡¡��� m���JJJmmmþþþ Bessel���§§§©©©¯̄̄¢¢¢þþþ§§§XXXrrr Bessel���§§§(9.1-22)���mmm
þþþ xUUU¤¤¤JJJêêê ix§§§ÒÒÒ¤¤¤


(9.1-25)©©©JJJmmmþþþ Bessel���§§§���¦¦¦)))��� § 9.4©©©

9.1.2 ÅÅÅÄÄÄ���§§§
���			nnn���ÅÅÅÄÄÄ���§§§

Ut t − a2∆u = 0. (9.1-26)

©©©lll���mmmCCCêêêÚÚÚ���mmmCCCêêê ~r§§§±±±

u(~r, t) = T(t)v(~r) (9.1-27)

���\\\ªªª(9.1-26)§§§���
T′′

a2T
=
∆v
v
= −k2.

dddddd���üüü���©©©lllCCCêêê///qqq���~~~���©©©���§§§

T′′ + k2a2T = 0, (9.1-28)
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∆v + k2v = 0. (9.1-29)

~~~���©©©���§§§(9.1-28)���)))���{
T(t) = C cos kat + D sin kat or Ceikat + De−ikat, k , 0,
T(t) = C + Dt, k = 0.

(9.1-30)

   . ���. ©©©. ���. §§§. (9.1-29)���. ���. Helmholtz���. §§§. §§§½½½EEE������“ÅÅÅÄÄÄ���
§§§”©©©Helmholtz���§§§eee¡¡¡������UUUYYY???ØØØ©©©

9.1.3 ÑÑÑ������§§§
���			nnn���ÑÑÑ$$$���§§§

ut − a2∆u = 0, (9.1-31)

rrr©©©lllCCCêêê///ªªª���)))

y(~r, t) = T(t)v(~r) (9.1-32)
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���\\\(9.1-31)§§§���
T′

a2T
=
∆v
v
= −k2.

dddddd���üüü���©©©lllCCCêêê///ªªª���~~~���©©©���§§§

T′ + k2a2T = 0, (9.1-33)

∆v + k2v = 0. (9.1-34)

~~~���©©©���§§§(9.1-33)���)))���

T(t) = Ce−k2a2 t. (9.1-35)

   ���©©©���§§§(9.1-34)���´́́ Helmholtz���§§§§§§eee¡¡¡ÒÒÒUUUYYY???ØØØ Helmholtz
���§§§©©©

9.1.4 Helmholtz���§§§

1. ¥¥¥���IIIXXX

|||^̂̂¥¥¥���IIIXXX Laplace���ÎÎÎ ∆���LLL���ªªª§§§������¥¥¥���IIIXXX
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Helmholtz���§§§���LLL���ªªª
1
r2
∂

∂r

(
r2∂v
∂r

)
+

1
r2 sin θ

∂

∂ϕ

(
sin θ

∂v
∂θ

)
+

1
r2 sin2 θ

+
∂2v
∂ϕ2 + k2v = 0. (9.1-36)

ÄÄÄkkkrrrCCCêêê ~r���CCCêêê θ,ϕ©©©lllmmm§§§±±±

v(θ,ϕ) = R(r)Y(θ,ϕ)

���\\\(9.1-36)§§§^̂̂ r2/TYHHH¦¦¦������§§§���nnn���
1
R

d
dr

(
r2dR

dr

)
+ k2r2 = −

1
sin θY

∂

∂θ

(
sin θ
∂Y
∂θ

)
−

1
Y sin2 θ

∂2Y
∂ϕ2 = l(l + 1).

dddddd���üüü���©©©lllCCCêêê///ªªª������§§§

1
sin θY

∂

∂θ

(
sin θ
∂Y
∂θ

)
−

1
sin2 θ

∂2Y
∂ϕ2 + l(l + 1)Y = 0, (9.1-37)

d
dr

(
r2dR

dr

)
+

[
k2r2
− l(l + 1)

]
R = 0. (9.1-38)
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���. §§§. (9.1-37)ÒÒÒ. ´́́. ¥¥¥. ¼¼¼. êêê. ���. §§§. (9.1-3)§§§rrr. §§§. ???. ���. ÚÚÚ. ©©©. lll. CCC. êêê. òòò. ���.
���. (9.1-8)ÚÚÚ. ëëë. ���. Legendre���. §§§. (9.1-11)©©©ccc¡¡¡®®®JJJ���§§§���. §§§. (9.1-11)ÚÚÚ.
333. x = ±1���. “ggg. ,,,. >>>. .... ^̂̂. ���. ”���. ¤¤¤. ���. ���. ���. ¯̄̄. KKK. §§§ûûû. ½½½. l���. UUU. ���. ���. êêê.
���. ©©©

~~~���©©©���§§§(9.1-38)½½½===

r2d2R
dr2 = 2r

dR
dr
+

[
k2a2

− l(l + 1)
]

R = 0.

���. ���. l���. ¥¥¥. Bessel���. §§§. ©©©ùùù´́́ÏÏÏ���éééuuu k > 0§§§���±±±rrrgggCCCêêê rÚÚÚ¼¼¼êêê
��� R(r)©©©OOO������ xÚÚÚ y(x)§§§

x = kr, R(r) =
√
π

2π
y(x),

KKK���§§§(9.1-38)¤¤¤���

x2 d2y
dx2 + x

dy
dx

[
x2
−

(
l +

1
2

)2
]

y = 0, (9.1-39)

(9.1-39)´́́. l + 1/2���. ���. Bessel���. §§§. §§§ÙÙÙ)))��� § 9.3©©©
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éééuuu k = 0§§§���§§§(9.1-38)òòòzzz¤¤¤ Euler...���§§§(9.1-2)§§§���AAA���)))
���(9.1-4)§§§=== R(r) = Crl + Dr−(l+1)©©©

Helmholtz���§§§555gggÅÅÅÄÄÄ���§§§ÚÚÚÑÑÑ$$$���§§§©©©þþþ���ÙÙÙ®®®XXX���ÑÑÑ^̂̂
©©©lllCCCêêê{{{¦¦¦)))ÅÅÅÄÄÄ���§§§ÚÚÚÑÑÑ$$$���§§§���cccJJJ´́́>>>...^̂̂������àààggg���§§§XXX

kkk���àààggg>>>...^̂̂���777LLLkkk“àààgggzzz”©©©ùùù���§§§···���òòò@@@½½½ Helmholta���
§§§���>>>...^̂̂���´́́®®®àààgggzzz���©©©���. §§§. (9.1-38)NNN. \\\. ¥¥¥. ¡¡¡. ( r = r0 )???. ���. ààà. ggg.
>>>. .... ^̂̂. ���. §§§���. ¤¤¤. ���. ���. ���. ¯̄̄. KKK. §§§ûûû. ½½½. k���. ���. UUU. êêê. ���. ©©©333 § 9.4òòò¬¬¬www
���§§§éééùùù���������������¯̄̄KKK§§§777,,,kkk��������� k2 ≥ 0©©©ddd���������¯̄̄KKK���¦¦¦
)))��� § 11.5©©©

2. ÎÎÎ���IIIXXX

|||^̂̂ÎÎÎ���IIIXXX Laplace���ÎÎÎ ∆���LLL���ªªª§§§������ Helmholtz���§§§���
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LLL���ªªª���

1
ρ

∂

∂ρ

(
ρ
∂v
∂ρ

)
+

1
ρ2
∂2v
∂ϕ2 +

∂2v
∂z2 + k2v = 0. (9.1-40)

±±±©©©lllCCCêêê///ªªª���)))

v(ρ,ϕ, z) = R(ρ)Φ(ϕ)Z(z)

���\\\(9.1-40)§§§���ÚÚÚ���ÚÚÚ©©©lllCCCêêê§§§ÚÚÚ???üüü���~~~êêê λÚÚÚ ν2§§§ØØØJJJ©©©)))ÑÑÑ

nnn������§§§

Φ′′ + λΦ = 0, (9.1-41)

Z′′ + ν2Z = 0, (9.1-42)
d2R
dρ2 +

1
ρ

dR
dρ
+

(
k2
− ν2

−
λ

ρ2

)
R = 0. (9.1-43)

���. §§§. (9.1-41)ÚÚÚ. vvv. kkk. ���. ÑÑÑ. ���. ggg. ,,,. ���. ±±±. ÏÏÏ. ^̂̂. ���.
Φ(ϕ) = Φ(ϕ + 2π)
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���. ¤¤¤. ���. ���. ���. ¯̄̄. KKK. §§§ùùù´́́ÖÖÖööö®®®   ÙÙÙ������©©©���������ÚÚÚ������¼¼¼êêê´́́

λ = m2, m = 0, 1, 2, · · · , (9.1-44)

Φ(ϕ) = A cos mϕ + D sin mϕ, m = 0, 1, 2, · · · , (9.1-45)

PPP~~~êêê µ = k2 − ν2§§§===

k2 = µ + ν2, (9.1-46)

uuu´́́§§§���§§§(9.1-43)���UUU������
d2R
dρ2 +

1
ρ

dR
dρ

(
µ −

m2

ρ2

)
R = 0. (9.1-47)

XXXþþþ¤¤¤ããã§§§···���ooo@@@��� Helmholtz���§§§���>>>...^̂̂���´́́àààggg���©©©uuu
´́́§§§���. §§§. (9.1-42)NNN. \\\. kkk. z = z1ÚÚÚ. z = z2???. ���. ààà. ggg. >>>. .... ^̂̂. ���. §§§���. ¤¤¤. ���. ���.
���. ¯̄̄. KKK. §§§ûûû. ½½½. ν���. ���. UUU. êêê. ���. ©©©. ���. §§§. (9.1-47)NNN. \\\. kkk. ���. ÎÎÎ. ýýý. ¡¡¡. þþþ. ���. ààà. ggg.
>>>. .... ^̂̂. ���. §§§���. ���. ¤¤¤. ���. ���. ���. ¯̄̄. KKK. §§§ûûû. ½½½. µ���. ���. UUU. êêê. ���. (���. ���. ���. )©©©333 § 9.4
¥¥¥òòò¬¬¬www���éééùùùppp���üüü������������¯̄̄KKK§§§777,,,kkk��������� µ2 ≥ 0ÚÚÚ���������
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µ ≥ 0©©©���âââ(9.1-46)§§§k2���üüü������������ µ��� ν2���ÚÚÚ§§§��� k2 ≥ 0©©©

���§§§(9.1-47)333gggCCCêêê���������

x =
√
µρ

eeezzz���
d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0, (9.1-48)

ùùù´́́ m��� Bessel���§§§©©©

lllþþþ������§§§ØØØ+++´́́¥¥¥���IIIXXX§§§���´́́ÎÎÎ���IIIXXX§§§Helmholtz���§§§333
àààggg>>>...^̂̂���eee©©©lllCCCêêê���§§§ÑÑÑkkk~~~êêê k2 ≥ 0§§§=== k2������KKK¢¢¢êêê§§§

lll k���¢¢¢êêê©©©uuu´́́§§§ÅÅÅÄÄÄ���§§§ÚÚÚÑÑÑ$$$���§§§©©©lllCCCêêê���)))���������mmm¼¼¼
êêê(9.1-30)ÚÚÚ(9.1-35)¥¥¥§§§k������¢¢¢êêê©©©ddduuu(9.1-30)¥¥¥ C, D���???¿¿¿~~~
êêê§§§(9.1-35)¥¥¥ k±±± k2///ªªªÑÑÑyyy§§§���III��� k ≥ 0���©©©

������§§§k =
√
µ + µ2 > 0©©©���kkk µ = 0��� ν = 0���§§§âââkkk k = 0©©©
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��� µ = 0, R(ρ)¤¤¤���lll������§§§(9.1-47)òòòzzz��� Euler...���§§§§§§ÙÙÙ)))
���(9.1-21)¶¶¶��� ν2 = 0, Z(z)������§§§(9.1-42)òòòzzz��� z′′ = 0§§§ÙÙÙ)))
���(9.1-20)©©©

yyyòòò±±±þþþ©©©lllCCCêêê(((JJJ���LLLXXXeee£££ÑÑÑ¤¤¤£££P.236¤¤¤

:~~~KKK

:~~~¬¬¬ÁÁÁ^̂̂²²²¡¡¡444���IIIXXXrrr������ÅÅÅÄÄÄ���§§§©©©lllCCCêêê©©©

:)))µµµ������ÅÅÅÄÄÄ���§§§���

ut t − a2∆2u = 0 (9.1-49)

kkkrrr���mmmCCCêêê©©©lllÑÑÑ555§§§���©©©lll///ªªª���)))���

u(ρ,ϕ; t) = U(ρ,ϕ) · T(t)
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���\\\ªªª(9.1-49)§§§kkk

U(ρ,ϕ) · T′′(t) − a2U(ρ,ϕ) · T(t) = 0,
T′′

a2T
=
∆2U

U
.

þþþªªª���>>>===´́́ t ���¼¼¼êêê§§§mmm>>>´́́ ρÚÚÚ ϕ���¼¼¼êêê§§§eee������ªªª¤¤¤ááá§§§
ØØØ���üüü>>>���ÓÓÓ���~~~êêê§§§PPP��� −k2§§§kkk

T′′ + a2k2T = 0 (9.1-50)

∆2U + k2U = 0 (9.1-51)

ªªª£££9.1-51¤¤¤��������� Helmholtz���§§§§§§333²²²¡¡¡444���>>>XXXeee���LLL���ªªª
���

Uρρ +
1
ρ

Uρ +
1
ρ2Uϕϕ + k2U = 0 .
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???���ÚÚÚ©©©lllCCCêêê§§§---

U(ρ,ϕ) = R(ρ)Φ(ϕ)

¿¿¿���\\\þþþªªª���

R′′(ρ)Φ(ϕ) +
1
ρ

R′(ρ)Φ(ϕ) +
1
ρ2 R(ρ)Φ′′(ϕ) + k2R(ρ)Φ(ϕ) = 0

dddddd���

ρ2R′′

R
+
ρR′

R
+ k2ρ2 = −

Φ′′

Φ
.

ÓÓÓnnn§§§���ªªªüüü>>>AAA���ÓÓÓ���~~~êêê§§§PPP��� m2§§§���

Φ′′ + m2Φ = 0 , (9.1-52)

ρ2R′′ + ρR′ + (k2ρ2
− m2)R = 0 . (9.1-53)

ééé���§§§£££9.1-53¤¤¤���CCCêêê������ x = kρ���CCC��� Bessel���§§§

x2R′′ + xR′ + (x2
− m2)R = 0 . (9.1-54)
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���§§§£££9.1-52¤¤¤ÚÚÚggg,,,±±±ÏÏÏ^̂̂��� Φ(ϕ) = Φ(ϕ + 2π)���ååå���¤¤¤���������¯̄̄
KKK§§§ÙÙÙ)))���

m = 0, 1, 2, 3, · · · · · · .

Φm = Am cos mϕ + Bm sin mϕ ,

���§§§£££9.1-50¤¤¤���)))���

Tk = Ck cos kat + Dk sin kat .

:~~~ÁÁÁ^̂̂²²²¡¡¡444���IIIXXXrrr������ÑÑÑ$$$���§§§©©©lllCCCêêê©©©

:)))µµµ������ÑÑÑ$$$���§§§���

ut − a2∆2u = 0 (9.1-55)

333²²²¡¡¡444���IIIXXXeee���§§§£££9.1-55¤¤¤���

ut − a2
(

uρρ +
1
ρ

uρ +
1
ρ2uρρ

)
= 0 , (9.1-56)
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--- u(ρ,ϕ; t) = R(ρ)Φ(ϕ)T(t)§§§���\\\���§§§£££9.1-56¤¤¤¥¥¥§§§���nnn���
T′

a2T
=

R′′

R
+

1
ρ

R′

R
+

1
ρ2
Φ′′

Φ
= −k2 .

T′ + a2k2T = 0 , (9.1-57)
R′′

R
+

1
ρ

R′

R
+

1
ρ2
Φ′′

Φ
= −k2 . (9.1-58)

���§§§£££9.1-58¤¤¤���???���ÚÚÚ©©©lllCCCêêê

ρ2 R′′

R
+ ρ

R′

R
+ k2ρ2 = −

Φ′′

Φ
= m2 ,

=== Φ′′ + m2Φ = 0 ,

Φ(ϕ) = Φ(ϕ + 2π) .
(9.1-59)

ρ2R′′ + ρR′ + (k2ρ2
− m2)R = 0 . (9.1-60)

���§§§£££9.1-60¤¤¤���CCCêêê������ x = kρCCC¤¤¤ Bessel���§§§

x2R′′ + xR′ + (x2
− m2)R = 0 . (9.1-61)
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���§§§£££9.1-57¤¤¤ÚÚÚ£££9.1-59¤¤¤���)))©©©OOO���

Tk = Ake−a2 k2 t ,

Φm = Bm cos mϕ + Cm sin mϕ .



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

§9.1. AÏ¼ê~�©�§ 29/81

������(No.18)
P. 237µµµ1§§§2
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